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THE STABILLTY OF ISOTROPIC OR ORTHOTROPIG CYLINDERS OR FLﬂﬁ
OR CURVED PANELS BETWEEN AND AGROSS STIF?ENERS WITH ANY
EDGE CONDITIONS" BETWEEN HINGED AND FIXED UNDER ANY

COMBINATION OF COMPRESSION AND SHEAR

By L. H. Donnell* }f'i
INTRODUCT I ON ’ )
1. Most "theorles! are derived for rather simple idealized

cases, and when 1t comes %o applying them to practical prob-
lems many important factors must be entirely negiecte& or
their effects guessed at, In this report a deliberate effort
has beeﬁfmade to include all the factors which are commonly
present, ‘and which have an important effect on the final re—
sult, With as high a degree of accuracy a's present knowledge
of the subject permits '

. I____;_“____.—.__ LT ot

- A s —

2. A theory covering such a wide range cannot be expected
to be ‘reduced to, simple formulas or charts, It has heen, how-
ever, put iz 'such form that anyore. familiar with calculating
and plotting can study a comsiderabdble rahge.-of practical ap—
plications with from a few hours to a Ffew days of work, That
1s, the work involved is soméwhat simllar to that required
for solving a statically indeterminate structure, Much sim—
pler methods, of course, can be developed for more limited ap—
plications. (see,"for example, reference 1 oF 2) and these
should be used. where they are aprlicable .

3. This theory is based on the energy'method and involves

a number of approx1mations ~some rather rough Factors have

involved in the method, and the principal effects of the -
many varlables involved haVe been considered in a reasonably

*Ghance Vought Aireraft and lllin01s Institute of Technology,
This paper was prepared as a report for Waco Alirérart Company.

ay -



2 ce v NACA Technlcal Kote Na Qla;.”.; .

LR z

rational manner, The, thgory checks closely with previous
theories for numerous widely divergent special cases, and
there 1s good reason to believe that 1t will gilve reasone .
ably accurate and conservative results in the other caseos,
Such experimental checks as are availlable confirm this
belief, The thedry toVérs many important practlcal cascs
for which no other theoretical method is avallable, and
for such cagses présuhably must serve until more refingd
analyses are developed, Even the alternative of making
and. .tésting, small portions of the striucture is open to
serious queationt a8 is discussed in paragraph 13,

45 - In the following, the case of a complete cyllnder ie
considered to be a"special case of a panel, The few ways
in which a cylinder must be treated differently from e

panel are pointed out in their proper places, \

APPLICATION OF THEORY

i
5, This ig & theory of-elastic stability and like other <
such theorles, assumes. a congtruction with no imperfections
of -shape or'elasticity, Two factors, K; and Kz, however,
are presented, which can be applied to tne results of the
theory and which approximately allow for. the limitations in
the elasticlty and strength of ag¢tual materials and the
other imperfections present 1in actual structures,

6. As to edge or boundary conditlons, the theory 1s first
set up fer the case of hinged or Ysimply supported! edgee,
However, modifications in the method of applying the theory
are presented which permit.any degree of flxity between
hinged and fixed conditic¢ns to be evaluatsd, snd fts most
1mportant'effecte to be consldered, -

7o It seems to be common practice probablv because of the
difficulty cf ¢onsidering these subjects, to neglect. both the
unfavorable effect of imperfections and the favorable effect

of any—end fixity which may be present,  These two effects

dg an}t in opposite directions; however, particularly in deal-

ing with curved sheets, It 1s not safe to assume that they

cancel each other, as each may vary over a very wide range 2
and are each functions of entirely different aonditions, It

is recommended that these effects should be neglected only

when the product X, by Ky 1is greater than 0,8 and thers 1s .
obviously a considerable degree of. end fixlty present, To use
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the factors X, and ‘K, and neglect end fixity is in many »
cases very much overconservative and it *s believed that
by far the most reliable results can be obtalned by con—

sidering all these factors by the methods to be descgiﬁed

8, - As stated, the theory is a stability or bpckling theory.
and does not consider the rise in resistance which may occur
in thin flat panels after buckling has occurred owing to
piling up of compre331ve forces near the relafivefy éfEble
edges, or the development of a dlagonel fension fiefd in
shear, - . . _ - .

o, . The theory is developed for the case of stresses which
are  constant over the panel, and the question will arise as
to how it can be applied. to cases where these strésses are
variable, If no more accurate theory is availeble the

following methods are suggested;

10, If the stresses vary only slightly, assume them %o
be constant and of their average magnitude, or of the
magnitude: _ . T

Pam—— e | (1) B

where Sgv is the average and Sp,x 1is the maxXlmum stress
of edch kind on that panel, (It is obviously unnecessarily
‘congervative to use the maxipum stress, and, as the average
stress might gilve $0mewhat unconservative reeults in certain
cases, the above is suggested as an arbitratry but reasonable
compromise ) o _ o SRR -

11, When the stresses 'vary widely, study the case of the
whole panel apd of varioug porticns of it, each congsidered
as & smaller panel with a hinged edge alogg the .artificial
dividing line, Consider each of these panels to bessubjected
to uniform stresses of the magnitude glven by equaticn (1).
Then discard all the cases except the one which proves to be
most critical, Figure 1 shows the case of a shear web of a
beam, In figure la 85 and Sg are the equivalent uniform
shear and compressive stresses assumed to be acting over the
whole webd, Filgures 1b and lc similarly show the uhiform -
stresses assumed to be acting over portions of the wedb con—
sidered as separate panels, Judgment sand experience usually
indicate the cases which are likely to be critical,

~
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12, In the buckling of curved sheets not only the con—

dition of restraint @t the boundatries against lateral and

rotational displacements bubt also against displacements o
in the plane of the sheet must be considered, In this )
theory, 1t is assumed that all linear restraints are the

same as 1f.each pdnel were a part of a large cylinder . 1
which ieg dlvided into many $§uch panels, the buckling de— !
flection df which has nodes along the dividing lines,

Thig corresponds c¢losely to the c¢onditicn of penels in

actual stiffened monocoque comstruction, in which longi-

tudinal and circumferential stiffeners strongly resist

lateral deflections, but are incapable of interfering

appreciably with displacementﬁ in "the plane of the sheet

(because the sheet is obviously far gtiffer in this di-

rection than any stlﬁfener can be), _ - ] -

‘13, This kind of restraint is ot the same as that exlisi-

ing when separate panels are loaded in grooves in testing
machines, Hence the results of teste of this kind will

not necessarily check with this theory, and a questlon

should be raised concerning the common practice of apply—

ing such results to the panels of stiffened monocogue con—, ¢
struction, All this is gquite aside from the gquestlon of
the lateral and rotational edge restraints usually pro—
vided in such tests, It might be stated in this connec—
tion that the conditions in a "flat end" test are inde—
terminate, but in most cases probably’imuch closer to fixed
end than to hinged end conditlons, rand hence unconservative
for use in most applications. Preferable methods of test—
ing are discussed in the appendix (paragraph 136),

14, The gquestion of the boundary restraint in the plane of
the sheet is unimportant in the buckling of flat panels bdut
it is probably important , though.usually neglected, in con—
nection with the- ultimgte strength.of thin flat panels as
the panels areé thenm in the Wlarge deflection! range,

EVALUATION OF THE ELASTIC PROPERTIES OF THE SHEET .

15, In applying the theory it is necessary to first calcu—

late certain dimensionless gquantities describing the elastilc "
propertles of the sheet,” For plywood sheets, we first sét

down the followihg properties of the wood alone, These can

be obtained from reference 1, pages 13, 14, and 18, The .
symbols Xy, Gpp, and so forth are as used in this reference!
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16, E = E;, is the compression modulus, in the direc—

tion of the grain, of the face-ply material This may be
~taken as about 10 percent greater than the values ¢f bend-
ing modulus given in reference 1, page 14, Shear strains

- are’ probably nearly as important in the buckling of plywood
sheets as in the standard wood~bending test, However, a
little Increase over the bending value is_ Justified b e
cause of the decrease in thickness and consequent increase
in density which usually takes place in the molding of
plywood, and because the compression modulus of wood, which
is dominant in a stability problem, is probably somewhat
larger than the tensile or bending modulus, Since an allow—
ance has been made for scatter in the values glven in this
reference, the results of using them in this theory will
evidently also be corrected to some extent for scatter,

b= Bmpy for rotary cut veneesr

= Pgr for quarter sliced veneer . .-

o = (Ey/E;) f£oT rotary &ut T - i

=-(E37ELY Yor quarter sliced

g = GLT/e (1 - ”z/e)(GLT/E ) for rfitgi;f'_c_ﬁ%'
=_GLR/€ ='.(l - p:/g)_(G$E/§L)-Lforiqu%r§éf slfc é.

H= 2u +4g .~

17, The following constanbs depen& on Eoth _fhe material
and' distribution of plies,--For standard plywood (having
plies laid symmetrically about the midplane and at rlght
angles to each other) and if all plies are of the same
material:-

(1= 8 + b5 = by + .,

A
B

e(l-;t + oty — b+ L)+ (B, = b5+ by L)

D o - 3 3 3 .
(1= %, Plafa® e 6,° % 00) # e (8, ~ by + bty o))

Q
H

<
" h

N . L, e w7 ox
e (1- tl_8 Fohglem bg” e JF (B - 87 4 ta .oy
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A and B are. proportional to the exten§1onal stiffnesses *

and. C.and D. to the bending stiffnesses.of the sheat in
the dlrection of. the face grain and -the perpendiculaer
.directign .respectively‘ Obvioualy A+ B =:0+'D =1 + e
for this, case, .The. numbers - %,, %3, and so forth, are
the ratios,-to the - putside :thickness: -t,. of the thick-
ness. with, the. outer plies removegd;: then w1th the next
pliles. removed, and. so forth - as. in figure 2 - -

1s. For standard plywood having plies of difforent woons.

an . average value -for the,different materials can be used
‘for u, e, g, and H without serious error, and

As{{L— by )+ (b= ) B /B+ )6 [(4,—t,08 /B+,.)
B=eo [(1—ty) + (b~t3)Ba5/E+ .. ] +--[(~t1-t2)1313/E+ el (3,)

O= [(1m b, ) # (4, =t )E /B w . ]+ e [(t, =t, )ElB/E+,,]

[l

De o [(1m 85 %)+ (6% 65°)Bag/E4 .1+ [(6,° = t,°)8, o/B4 ,.]

where Egs"is the value of B for the material of the
palir of plles lying between tg and tz, and so forth, #

19, If materials having wildely different values of W, o,
and so forth, are combined, or if the plies are gsymmetrical
about the middle plane of the plywood dbut not at right anglcs
to each ather, calculate values of M ,. Y, D; .:;, Dg, (equa—
tion 4) for each pair of plies such .as . the pair between ty
and tj, designatlng them by Mij e Yija LiJ .o 313,
In doing this, take 4= 0 = 1, - B'= D = e, use values of

e, u, g, and H corresponding to the material of tha ply,
and take 6 as the angle between the grain of that ply and
side b of the panel, as in figures 3a, ‘b, Then for the
whole Pplywood T .

—_— - -

M= Z(ﬁi“tj)<Eij/EJMiJ,~w,,r Y= Z(ﬁi-thXCEiJ/E)Yij
Dy = Bbs by ) (By 5/BID, 4 3y .. D= (b5t ) (By,/B)Dg

the summation being taken over all the paif; 6flplie; and -
the core ply,
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20, If the ‘plies dre not - symmetrical and not. 4% right
angles, proceed ags for the last case, studylng each ply
separately and treating. it as if 'if and its mirror image
in the middle plane of the plywood formed a pair of plies
like the previous one, Then, .to correct for having con-
sidered the images, which’ do not’ ‘ré&lly "exist, the final
values of M, N,.Tr—Dlrrr,should be‘diiidgg Ey_g. .
21, TFor a sheet of isotrogic material of modylus B
Poisson's ratio p, and thickness &, the 550 ‘e éonstants
become

e=4=3=0=D=1; ¢ =B (L-u?); g=(1-np)/2, H=2(3;)

22, Tor applying the theory to the general case of any
kind of a sheet,see the appendlx paragraph 90

23, All the gquantities of equafions (2) and (8) are in—
dependent of the orientation of the sheet in tThe panel, The
following constants_depend also on the angle 8 of the prin—
cipal elastic axis of the sheet (the outer ply grain direc—
tion for standard plywood) with the shorter side of the panel
P (figs.3a, b)), These constants are; however, indeperndent

of the dimenslions and loading of the panel, )
24, All the constants needed for the most general case are’
glven below, but only .about half of them are required for

the average problem, 1In equation (5) the quentities in
braces are zero for the commop-cases of igotropic sheets,

all 0° and 90° plywood panels, and all "balanced® 450 ply—

wood panels, They may always be neglected if X and Y

are less than 0,02, The guantities A4,..v - As are used

only in case A problems, and the quantities B ,.-= - Bs

only in case B p_oblems. All the quantities except D,.xr- Ds
define exten31onal properties .of the sheet, which are required
only when there is curvature, The quantltles D, v>+~ Deg de-
fine flexural properties, which are requlred for flat ‘sheets
as well as for curved, - - T
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M=4 [A Si£4 0 + B cos” 6 + H sin® 8 cos® 8]
N=-4[B sin® 8 + A cos®* 98 + H sin® ¢ cos® o] =
P=4 [(A+ B~ H) sin® g cos® 6 + u]
Q=4 [(A + B~ H) sin® 9 cos® 8 + g]
.X=2 sin € cos-0 [24 cos® 8—2B sin® g+ H (sin® 68— cos® 0)]
Y=2 sin 6 cos 8 [24 sin® g~ 2B cos® 0~ H (sin® 8 — coe® 8)]

D, =82 [¢C sin4 8.+ D cos4 6+ H sin® 8 cos® 0] ) (4)

Dy;=Dyz = 0,82 [D sin% 9+ C cos?* o + H sin® 6 cos?® 6]

Da= 0,82 [6 (C + D — H) sin® p cos® 8 + HJ

Ds= 0,82 sin & cos 8 [2C cos® 68— 2D sin® g+ H (sin® 68— cos® 9)]

Dg = 0.82 sin. 6 cos 0 [2C sin® 68— 2D cos® 0—H (sin® g—cos®p)] ,

These expressions simplify a great deal for particular values
of 6, For ¢ = 0°

M = 4B; N = 44; P = 4u; Q@ = 4g; X = Y = 0 /

n

D, = 0.82D; D, = Dy = 0,82C; Dy 0.82H; Ps = Dg =
For 8 = 90° _ S

M=44; N = 4B; P = 4p; Q= 4g; X =Y = O

(4g540)
D, = 0,820; D, = Dy = 0,82D; D, = 0,82H; Dy = Dg =
For 6 = 45° . | o
h=NN=A4+ B+ H) P = A+ B~ H + 4u - _ n
X=Y=4A-3B; Q= A+ B= 2u ' (4,50)
D, = Dy, = D, = 0,206 (C + D+ H); D, = 1,23 (C+ D) — 0, 41H
Dg = Dg — 0,41 (¢ —~ D)
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. For an isotropic sheef

g T - . [ —

' D

il
e

D, =D, ='D3'fib.82:'D§L=ml.65: D4

25, The values of M, N, ‘P, Q, X, .and Y thus ‘féund are: then
used to.compute whichevar of the following quantities are
neéded - in the. probliem: being studied‘ P R .-

-

A= {Q,Y } A;f PEQ, - S{NY };_‘ As _.- MNQ, -P2Q _'__

{}4.5 qu - XY 4; PXY - MX 3 ﬁ; PQY - MQ?}

By = Ag Ba-—MN uNP +NQ, +(4NXY-—4PX qu}

[ B:s = N Q: . {NX } r (5) '

s mm ar . o e =

1 BN - B
] . e i o .

NN T . - e T
ﬁIB__'_4;=NQ,X-1-NPX+NY~—X 35_ MNX-—PQ,X—PX+NQ,Y}

Q2
o
]

MQ; Gy = (P + Q,)2 {4}:2} cs='Nq; C, = MN— P 2PQ

'-.Q,)ca-mr 06 =--x Cp = NY - sz Q,X, Ce = MX rq,;} ‘

Ta?
o
]

 CALCULATION OF STABILITY STRESSES] HINGED EDGES

P - . —

26, After calculating the pr371ous sheet properties which
can then be used for panels of any dimensions and curvature,
the stabllity stresses are analyzed, To reduce coanfusion,
four types of problems are considered: ¢&Ease A, for unstiff—
ened cylinders or panels with the longer sides & curved;
case B, for unstiffened panels with .the shorter sldes 1B )
curved; and ‘cases A!'-gnd B! for. 31milar stiffened cyllnders
and panels, - For all tness cases T AP S A

[ - - T s - - -

Fa = K;K;Sa3 Py = EiKpSp; Fg = K1 X8s  (6)

where
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Sgs Sy, and §5 theoretical compressive stresses in the
directions of & and U,  respectively,
and the shear stress which will cause
1nstabillty under ideal conditions

Fgay Ty, and Fy correspondlnf streases which can be ex—

pected .to -causeg failure. in’ practical
construction

27. -Quantity K (flg._ﬁ) allows for .the 1imited etrenzth
of the material and “‘other ‘imperfections 1n flat sheets, 1In
thig figure Stheor stab' is the theoretical stabllity

stroses -8 Sb’ or S_; 8 -ls the correspond—

a’ 8’ "mat strength
ing strength of ‘the materigl under these types and directione
of stress, that 1s, the crfushing strength in the a dirsc—
tion, theﬁbruShing strength. in the - b —dirbction ‘and thec
shearing strength in the a or b direction.‘

28, In some cases, a composite material is involved Tor
example, & sheet with stiffeners in the a direction For
this: case, there are two values of- -S,, one for the shset
and one for the stiffener (as discussed later), In such
cases the value of K, for al] the materials shcould be
determined and the lowest valus used with all of them, Sore
data on the crushing and shear strength of plain woods and
plywood panels are given in referenbe 1 (pp. 14, 30, 38 and
41),- - - . . : -
29y Quantity X, (fig, 7) allows for the additijonal effect
of imperfuctions:in-.-curved sheets, "'In-this filgure 'a and

t are the length of the curved side and thickness of the

ranel, while %! 1ig a rough "effective thickness" for stiff-
ened construction, to be used in studying buckling across
stiffeners, The values of m and n used are the critical

values, corresponding to the final values of Sa, Spv, or Sg,
as. discussed in the following, D S S -

CASE A

30, For unstiffened cylinders, and the buckllnw bet@een
stiffeners of panels with thelr longer sides a :curved
(or with equal sides), ZFor this case, shown in figure 5a,
the stability condition is .

me [ZAia{ a\f

sgSa + 51bShH + 8585 = S —=— | =—>~Z [ + ZD4d ]
aSa bSb s9s X LT6re; \mn, 1d1 | (7a)
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..... <'> --F.zﬁrt <. T for cyllndenj (8) ~

rand: fA'=_1 fdr cyllnders and is given by figure 5 for N
pawels,” X being & correction factor allowing for the"

fact that ‘at the panel ends .b_ the nodes must really P
be vertlcal(instead of inclined as shaown in tThe figg;g,— '

and as assumed .in ieveloping the theory) The Als,

G’s and - D!s' are “the ﬁheet propertles previously de—

flned The “sl's, a‘s cls, and d!s are functions (fig,

g9, or appendix pa: 114) of- oo P .l Loie L T

“_fhe]:e‘ . S e e tm e = L= ..-_—__— L P i TF'_"‘_’.-" -—

B = tm o L _(9)

(which obviously reprasents '‘the tatio between the half wave
lengths of the buckles in the b and a directions) and
of ¥, the.tangeni of the angle.made-Ddy the buckling waves"
with the sides b (fig. %a). The s's, a's, and so forth,
can be found for any value of B and ¥ from figure 9 at
‘the:;end of:thls:report, the use of which is explained in
figurs. 8 end in the example givenWlaﬁer;(par 67). i
S A - \_. - ! i .
31;ﬂ For flat panels the radius r .is’ infinite and hence"'
a =.0, .~-The. rlght—hand side of equation (va) then reduces to

- T T e e ) -

S(ma/l)zniaif S L LT %~-+<%4~f .

. + -
-

32, Eiuher the ratios between stresses Sy, Sy, and Sg,
‘or 811 but ohe of thém, will ¥Be.known; in'any case the
pagnitide  of ong-of them ‘fs the desired unknown, Every—
thing else involved in equation-{7a) will be known except
for the! angle'of the waves, &efined by ¥, and the” numBer
of ‘half waves in the " a tang b directions ‘m and =n,
These'musﬁ be determined to make thé- unknown s%ability stress
‘e minimnus, -'The usual method of doing this 1§ to set the de—
rivatives of this stress with respect to ¥, m and =n
equal “to-Zero and use these relations ‘to ellminate Y, m, and
n frnem sguation (7a),

3%, '‘However, whén so complex a relatibn is 1nv¢1ved'¥ﬁih
proves to_be 1mpract1cal The only way in whlch the pro—
blem é¢an be: solved therefore seems to be to try various
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values of Y, m, and n in equation (7a) until the values
which make the stability stress a minimum have been found,
This is laborious but by ﬁystematlzing the work, as wil]l

be demonstrated, it is quite practicable,

34, In most problems Y varias between 0,75 and —0,75,

and it 1g gufficlent to consider the valuea e, *90, 25,

+0, 50 and £0,75 (adding *1 for extrems cases, such as

when comblnations of- shear and tenslon are present) as

in figure 9. . For each value of m and =n, therefore,
thess four values of Y would be tried (the plus and minug
values can be dealt wlth together in most of the work) and
the smallest of the values of stress found would be selected;
or, more accurately, the stress would be plotted against ¥
and the low point of the curve used,

35, The numbers m and n can be only whole numbders, In
the case of panels, they can have any value except zero —
that 1s,

P 3,000; n = 1.5 2,! 31 LA 4 - (lopanel’

Combinations. of m -and =n, such as 1, 2; 1, 1l; 2, 1; and
so forth, therefore would be tried, usinp larger and larger
values as long as the resulting stress decreases, but stop—
ping as sooh.as 1t starts to increase, In the case of
small panels, it is usually found that the combination 1,

1 gives values smaller than 1, 2 or 2, 13 it is then un—
necesgsary to go any further, the values of 1, 1 belng ac—
cepted as the answer, ' -

36, In the case of very large panels, the critical values
of m and n may be fairly laerge and so it might take

a long time to reach them by studying every combination,
In some cases the approximatelnumber of waves will be
known by previous experience, Rough approximations also
might be used to determine the approximate number — for
instance, it can be shown that m and =n will usually be

of the same general order of-magnitude as v/,M .18 gna

- S .
V/D A/.i'._ﬁ.o._However the following method willl generally be
found as simple and quick as any: the dots in flgure 4a
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represent various combinations of m and n, Now in
order to be sure that any combination gives a minlmum
stress, the next combination in all possible directions
must give a higher value of stress, Thus in flgure 4D
any of the encircled combinations would be crifical if -
the dotted ones asdjacent to 1t all give higher stressaes
than it does, If two such combinations are found, as
sometimes occurs, both, of course, must be evaluated and
and the lower stress chosen,

3%, To locate such critical combinations, start with the
combination at the origin (1,1) and try combinations along
both the m and n axes, continuing along each axis as
long as the resulting stress decreases, but stopping Just
as soon as 1t starte to increase, The low point thus
found will usually be & critical point, but to check this,
proceed from this low polnt at right angles to the axis
until the stress again starts to rise, At the low point
thus reached, branch off again at right angles until a =~
Thoxed in" point, such as in figure 4b, is finally reached,
This process might be likened to the flow of =& river in
rolling country —. it flows along any downward path which
1t meets until it arrives at a depression without any out—
let, where it forms a lake, corresponding to our ¢ritical
point, o

38, In an extreme case this process might involve the in—
vestigatlon, duccessively as indicated by the arrows, of _
the combinatidns shown by dots in figure 4c; this results

ir the location of the two encircled critical combinations,
one of which will produce the lowest stress of any possible
combination, In the case of very large panels it may pay to
skip some of the polnts —~ say by making about equal steps
along the logarithmic scale "6f figure 4, from (1,1) td'Fz,l)
to (4, 1) to (8, 1) to (16, 1), and so forth,— until. the low
point has been approximately located, Practical problems
will probably never require as complicated a scarch as that
shown in figure 4c, Mos$t problems will require investigation
of from 3 to 10 combinations, sach taking a half hour or less
of time, to determine all critical combinations of compres—
sion and shear for a given panel,

39, In the case of a complete ecylinder, if & 1s taken as
the circumference (a = 2nr), the number m must be sven,
and can be zero, That is, for this case

2, 3.., (105571)
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For the case when @ = 0. (which represents buckling into
& symmetrical shape like a sylphon bellows), the following
simple solution can be used:

If

Then if (11)

while if —
A D
n>1, Sp = 28 = M/Aa 2
t Cx
]

For other values of nm the same procedfire as for panels
must be used, trylng various combinations of m and =n
such as 2, 23 2, 1l; 4, 1; and so forth,as previously dis—
cussed,

CASE B

40, JFor buckling between siiffeners of panels with their
ghorter sides b curved;— For this case figure 3b shoulid
be followed, Otherwise the only change from the procedure
described for case A is that 3B,, B.... gnd b,, bor.s

must be substitubed for gl, Ag.ver and a,, 85viv-, Equa—
tion (7a), therefore, changes to

© |ZB;D
655g + spSp + s8gSg = 5§ B [ = (; ) + EDldi](7b)

CASES At AND B!

41, Yor buckling across gstiffeners:— It. 1is fiecessary to consld-
er not only the possgiblility of buckling of the panels between
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stiffeners, but also the possibility of buckles occurring
across both longltudinal and circumferential stiffeners,
This is most likely to occur under & compressive stress -
in the direction of the stiffeners, but it cean also occur

under any type of stress, and is frequently the condition
determining the design of the stiffener,

42, The treatment of these problems is the same as for
cases A and B with the following exceptionsi{ L For buckling
across stiffeners which run in the diresction of gides g:
Instead of studying various combinations of m = 1, 2, 3,vrer
with n =1, 2, 3,s+sv,take n = 1 and study combinations

of m =1, 2, 3,vr with b = 2b', 3b!, 4bl ..., S
b! being the spacing of the stiffeners, Then take A = 1,

and substitute
B tA 0
l+a§‘~—sa
Egtb!

for Sa,7and add - T

4B, 1Ag !
eth!

to the previous expression for 4%-

. : 2 2 = 2 - . ) .
. . h LY - TT E [A -
1+ a /Pa a pa (12) -

a'dgt ] Y T | -

to the previous expression for Di’ B )

mEGg Ty !
et 5pt

to the previous expression for Dg. -

43, For the case of simple stiffeners (made of one material)
E_t 1ig thse compresslve modulus of elasticiiy o6f the stiff~
ener material in the direction of its length, For wood, it

may be taken about 5 percent greater than the bending modulus T
given in refersnce 1 (p, 14) since the modulus of wood in
compression 1s probably higher %Than {n'Fén51on or bending,

as previously mentioned, -
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44, The effective compressive modulus of the panel in
the dirsction of side a._ ls-:Ea; Methods of dotermining
it are discussed later in this section,

45, The cross sectional area of the stiffener alone is

Agly while hg is the distance from the center of gravity
of the stiffener alone to the middle surface of the panelj;
pg- is the radius of gyration of the. stiffener alons about
its centr01dal axis parallel to %the panely wy; is the—tetal
"effective width! of panel which can. be considered to act
with the stiffener in. bending (pot to be confused witi other
kinds of effective widths), and may dbe. taken as

Wy = DI
or ' | _ (121)
w. = 28
a k¥ .

whichever is the smaller,

. 2,
46, The torgional stiffness of the stiffener comblned with
any portion of the sheet which may form with the stiffener
a tubular sectlon is denoted with "Gg'dg!s it can be com— v
puted by standard methods of mechanics, for example, -see
refersnce 4, part I (p, 270) and part II (p, 279),

47, Built—up stiffeners, made of more than one material, can
first be converted to equivalent simple stiffeners, or if
preferred the quantities E ald g Egla a'Pa 2 and Gg'd !

can be taken as the total 1ongitudinal bending—and torsional
stiffnesses of the complete stiffener,

48, For buckling aoross gstiffeners which run in the Alrec—
tion of gides 1»: Take ' m = 1 . and study combinations of

n 1, 34 3,... with a-= 2at!, 3a!, 4a!,,., -where at is
the spacing of these’ stiffeners Also take A = 1, and
substitute AR e

*The value of M given by equation (4) should be used, with-—
out the added term of equation (12),
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. Byt ! ) o
(l + —b Ab) Sb
Eptatl /

for 8y and add

AEptAp!

e e

ctal

to the previous expression for N

=4 a 2 . 2
1+ —bb fen \ T Eypldylep
B, 1A, ! e t%at -
1+ —B-=h (13)
Eybwy - - —

to the previous expression for Dy,

T Gy Iy !
et®at . L

to the previous expression for D4
where:

w.b = a,Y'
or (131)

vy = 29

nN*

whichever is the smaller, .

and the other quantitiles have gimilar definitions to thoss
mentlioned above, merely interchanging a and b,

49, To study the poselbility of buckles crossing both the
longitudinal and transverse stiffeners, combine the above
changes, That is, take m = n = 1 and study comdinatlons

of a = 2al', 3Za!, "4at yvvre  with b = 2b7, BbT, 4D 4

and make all the substitutions of equations (12) and (13)
(adding both terms to D), ST

*Use 'N without the added term of eguation (13),
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50, The values of 8z and. Sj) obtalned by this method
are, as before, the stressés-in the sheet when buckling
ocecurs, The corresponding stresses in the stilffeners,
designated by Sz! and Sp', of course would be, re-
spectively, E !'/E, and Eb'/Eb times .as great,

51, Values of B, and By for 0° and 90° plywgod are
given in reference 1 (p, 41), Materials like 45° plywood
are very sensitive to the amount of restraint against
lateral expansion or contraction (say to stiffeners running
in the lateral direction), Methods for calculating the
effective modulil of plywood under various conditions are
given in reference 1, It can be shown that for ordinary
45° plywoods, assuming thet the lateral stiffeners have

the same effect as if their area were unlformly distri—
buted

e

Ea = : : i (14)
— 2 )
l/g + Q/AB _ (l/g QJAB) ”
! .
1/g + Q/AB + setel
Eb'Ab . -

with the same formula for ZEy except that a and b are
interchanged (in the last sub—fraction).

52, In all the foregoing celculations the same rulss must
be followed as for cases A and B, that is, the symdbols a
and b are to be used 86 that a > b, and figure 3a and
equation (7a) are to be followed when a 1s the curved
side, while figure 3% and equation (7b) are to ?e followed
when b is the curved side, o

CONSIDERATION OF EDGE FIXITY .
53, The most important effects of edge _fixity alomg the ‘_;
sides a can be considered by 'simply multiplying D, by
+ EEE Aa ) _Ka'+ weGa"Jaﬁbma .
Ay, = , Where Aa = . = aén - (15a)

1+ A, S : Dy et
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Ag 1s a measure of the fixity of the sides a- and has

a valie of zero for hinged édges and infinity for fixed
edges, which would gilve values of - A, of 1 and (1+1/n)",
respectively, TFor intermediate fixities the approximate
formulas of equation (15a) can be used, .

54, -In these expressions Ga"J is the torsional stif£~
ness of the stiffener or other member to which the panel
is attached along each side a, A measure 6f any distri-—
buted elastic resistance to rotation which may be present
along each side &a 1s denoted by Kg, measured as the
elastic resisting moment per radlian. of rotation, per unit
length of the edge, Such a distributed elastic resistance
might be produced, for instance, by closely spaced wing
rib members running between the eédges .a and the other
face of the wing; for such a case X could be ‘taken as
three times the bending stiffness of each cross member,
divided by their length and by their spacing,

58, The value of Ag given by equatlon (lSa) is for the
case when each edge member separates and is.attached to ;
two similar and similarly loaded panels; if the.member is
attached to only one panel, then twice the above value
should be used, 1If the two edges & of the panel have
different fixities, then A, may be taken as the average

of its values $or each of the two adges,._- . -

. -
e Cemm el m e e, o —

56, Similarly, %o consider theedre fixity. along side b,'
nultiply D, by .

A M A K'b + Tl' G'an'b"an

l N - . - - -
A, = L _"B)  yhere A = —1 ~—  (151)
b 5
1+ ay /0 LD, vEm -

The various .quantities involved have similar definitions
to those 6f equation (15a), meraly mhterchanglng 1 and 2,
a and b, 'and m and a, T s

57. To consider edge fixitiss along both s?ﬁes-fgfjah&; b,
combine the above changes, . T o

——l.,

SPECIAL CASE OF COMPRESSIVE LOADING OF SYMMETRICAL STRUGTURES

R

58, The foregoing methods simplify a great deal when aﬁplied
to certain special cases, Oge of :the" most_common of such
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cases is that 'of compressive loading of cylinders or

panels having a prineclpal elastic axis in the *direction
of the compression, for example, 0° or 900 plywood with
or without longitudinal and circumferentisl stiffensrs,

59, TFor this case Y = 0 from symmetry, and hence

A =1, and cases A and B become identical except for
differences in symbols, Using the symboels of case A
(fig, 3a), but now without any limitation that a must
be greater than b, it is found (from equation (7af)

by dropping the term 0,038 D,, which is not required and
has negligible effect in this case) that:

2

et A, a 2 _ .2 _ . 2nrém
83 = 2 + (D,B"+D,/B"+ ™ 1EYY
v oy [claa+cs/52+c4 2mrtm? . o/ T a®

60, If the conditions for @inimizing the buckling stress
are set up: namely, dSp/dB® = ¥Sp/Om® = 0, they can be
solved in this case, and the following can be odbtained ase -
the values which m, n, and B would have if m ‘and 1
did not have to be integers:

B'S - Cle — ch2 _ Cle Lnd ClD2>a + 03D4 land C'I.Da
C,D, — C4D4 <01D4 — 04D, C,Dy — 0,D,

2 a
3 a - As

(CyB'2+05/B18+C4) (D, B13+D /B 13+Dy)

The buckling stress Sp can then be obtained from equation
(16) by taking m and n as_the integers {such as. given .-
in equations (10) pars, 35,and 39) which avre nearest to

the values of m', n!' given by equation (17), and taking -
B = bm/an, . T :

EXAMPLE

61, The foregoing description of the method of applying
this theory doubtless gives an impression of great cop—
plexity, a good deal of which is ascribable to the effort
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to keep it.as general as possiblse, To clagrify the method
and show that it is practical %o apply, a typical problem
involving a2 medium sized plywood panel is completely worked
out in the following, Figure 10 shows the details of the’
construction, Using:.equationg (2). (par, 16) and reference 1
(pp., 14 and 18) it is found for quarter sliced mahogany that

B

= 1,10 X 1,260,000 = 1,390,000 1b/sq in,
b= 0,024; e .=.0,078; 1. — p/e = 0,99 .
€ = 1,390,000/0,92=1,400,000; g= 0,99 %X 0,049% = O, 045321
H= 2 X 0.024—~4 X 0,049 = 0,243 )

62, The quantity 1 — w&/e varies .from about 0,99 for
soft woods to about 0,97 for hard woods, and hence might

be taken as unity for wooden construction, The numdbrical
calculations involved in applylng thig theory are not
_cT¥itical; and since’the data will seldom be known %o closer
than a few percent slide rule accuracy, with no more than
three 31gn1f1cant flgures retained, is.all that is requlred
or. Justlfied in these calculations, . T R

-

From equations (3)
A= (1 - 0,846 + o 156) + 0,078 (0.646— 0,156) = 0,548
B =-0,078 {1~ 0,646 + 0,156% + (0,646~ 0,158) = 0,530 -

6 = (1L 0,646%+ 0;156°)+ 0, 078 (0,646 °~ 0,156 ) = 0,756

1]

Ik

D= 0,078 (1= 0,646% + 0.156%) + (0.646> — 0,156° ) = 0,322

BUCKLING BETWEEN STIFFENERS

63.' ¥or buckling:of .the panel between stiffeners, since
the curved side“is the shorter;, case B, as shown in o

*This. valde of 6y /E . given in reference 1 (p, 18) is _
"used here. for consistency, It should be mentione& however,
that there is evidence that it shouwld really be 20 to 30
percent higher, This would’ considerably change some of the
follqw1ng computations, - . Sl ) . o=
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figure' 106 :re ‘wsed, .Bince- & = 45°. équaﬁiong L&&SO)f
 (par. 24) Can bq used o S S :

- -~ - - - - - - - - —_—— - -

Mo N-; 1 078 - 0 243 3. 32, X = Y .0 R

- ~

P = 1,078 — 0,243 + 4 X 0,024 = 0,93
‘D, = Dy = D, ='ﬁf356-(i;d?8 +;0;243)==.0.293w

DieE LURE: XYL, 078~ 0,41 K 0,243 = 1,28 - . .

Dy = Dg = 0,41 (0,756 ~—:0,322) = 0,178 St

o Fromfequatlons (5) (par. 25), S

- By = (1, 327 L e 93 - ) 1 03 = .0,90-

"By 2”(1{32I - 0w93 e 1.03-)'1;32'522;56;'3;=*1;3éax1103
T
2.0y=Cz = 1,82 X 1,03 = 1;36: = (0,93+1,03)" =3.84
Cs = 1.3{3_z —’9,93 -2 %0, qs x 1 03 = ¢1&04- —

From equgtigns,(s).(par. 30) and figure;lpe,

‘a-= 143 b = 12 b/a = 0. 86; r.= 30; t = 0,19
.8 =.1,400, ooo (o 19/14) zeo lb/sq in, 8]
14 X 12 )
o = et DA

230 X O 19

B4, "Bdge. fixity and. the oorrection factors. K;-and K,

neod not ‘necessarily be.consldered in a prodblem such as
thieg, but w111 be here.for complebﬁnesa .and_to Allustrate
their effect. “Cénsidaring equations (153 b)(pars 83 and

oq) and ‘the acédnpanying discusslioy,. since there .are mno

cross membérg-in ithis construction K, = K 0, . The shear
stiffness of Douglas-fiy, ‘from reference 1 (pp l4—and 18)

is approximately 0,06 X 1,700,000 '= 102, 000 pounds per squara
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inch, while that of 1/16 45° plywood.will be nearly the
same as for the panel skimn, which is .Qé/4 = 1,03 X
1400000/4 = 360,000 poundé per square inch, approximately,

65, Then, from.refersnce.4 (pt. I, p, 270) the torsional
stiffness of each longitudinal stiffener is

#© .

R _
G Tt =[Mt/e=as?cfe}_= 0.229 X 0,875 x 0,488 X 102,000 =

1710 1y 402 4y

(the notation in the brackets is that of the reference),
From reference 4 (pt. II, p. 279) that of the circumfer—

ential stiffensers is .

. -~.~._ s . .-2_
/ T A ‘4(3 x 0,89)

Nt /6 = - LA
b st as 2 X3 4 2 % 0.89

° &h] 360000 x 0,083 102000X 0,44

Gb"Jb"

58,000 1b #n® . s e

and from equations (15a, b) o :__ . e e

- !

moX 19160 X 12'm® .

. - mz
Aar-- i — 5-:;----.—.—.—-0.4_.0__
0,273 X 1400000 X 0,19% % 14°n n
' 2 x 57600 X 14 n® e 28l
n
Ay = SR el - =-21,2 B
0.273 X 1400000 x 0,19°% x 12%p Soom

£6,- The solution of the stability equation (7b) (par., 40)
is most conveniently carried out in the tabular form of
table I, and to save time as much as possible of the table
is filled-in at one time. Each column of the table reprei-
sents a solution of the equation for one combination of m,
n, and Y, The quantifies in the different rows are de—
fined at the left of the table; so that the table is nearly
self—explaratory, However, discussion of some points is
advisable, g e
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67. The charts of fisure Q (see back~cover pocket) can
be used not. only to. ohtain the w=a's, bfs, sls,-and so
forth but‘ow1ng to thelr 1ogarithmic scale Droducts
such as A 18,, Bzbsz, rand so forth, and quotiqnts such

as "S+"/S hg-"/8y, and . so forth, arpe obtained di-
rectly from thenm, Proper use of these charts greatly
facilitates the work, and contributes more than anything
else to make this msthod usgble,

68, A sliding scale must first be oonstructed by simply
cutting out the paper scale at the right of figure 9, and
cemsnting to it a piece of heavy cardboard (such as used
to back up pads .of paper) as shown Dby the dotted lines 'on
the scales and by figure 8a,

69, As indicated, the scale must be cut accurately along
the line PP, and the sdde of the cardboard opposite PP
must be straight and parallel to PP, The hole in the
cardboard indicated in the figure helps to grip it for
sliding 1t, as shown in figure 8b, 4 non—aqueous cement,
such as rubber cement or the common "waterprocof! cements
should be used, or else only the cornsrs of tha scale
cemented, so as not to distort the scale,

70, YNext, spread figure 9 on a flat surface and edjust

the scale on 1t so that one of the vertical axes of filgure
9, say the one farthest to the left, 15 at the desired val—
ue of B, at both the top and bottom of the scale, How,
holding the scale firmly in this position with the left
hand, place a triangle against the right side of the scale
and a welght on top of 1t, as shown ln flgure 8a, The
scale can now be moved - up and down'as desired, ,and will

be properly sét for this value of B for all the charts
having the same verticel axis,

71. Naw to find =&y - or. by,  for example, slide the
scale until the horizomtal axis of -the correspornding chart
i1s opposite 1 on the scale, Then read the values of a,
or bgp. on the scale (at the intersection with the degired
Y ccurve) as shown in figure 8b, It is a:good idea to
check a few readinge at . this point using thg relation

=B Y " An accuracy of‘within a fow percent is |
ail that can’ be expeocted with such paper -scaleg,; but as
explained before this is sufficient for the purpose, It
"1s useless to try 1o, read the scale closer than to two
or thres significant"flgures that 1s, to within 1 or 2
percent,’ o
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72, Products such as .A,a, are obtained in exactly
the same. way, except that instead of settlng the hori—
zontal axis of the.chart at the point 1- on the seale,

it is set at the value of . A, on the scale, The scale:
readings at the intersections with the curves are then
the corresponding values of A,a,, as shown in figure 8c,

A1l values of ¥ are taken care of at 'one setting,

73. In this manner, the Tows B, b, B‘bz, Bsba, C 2Co
D,)d; ©of the table are filleg in before moving the
_slidlng scale to another vertical:axi%, The scale Is _
similarly adjusted on the second vertical axis t0 obtaln
(ADg)d,, 1.36(e; + c¢3) and 0,178 (ds + ds), and on the
third to oBtain Dzds; (these figures are good for all values
of B), Flnally, it'is moved to the last axis, and G4c4

and Dyd, are taken care of,

74, After completlng the various intermediate operatlons
in the table, which are clearly indicated, the values &+,
and & are obtalned representlng the right hand side
of equdation 7b for positive and negative values of Y,
respectively, The last five rows of ‘the table which
represent various stress combinations causing_ buckling,
can -thén be filled in with the last setting of the scals,
on -the fourth axis,  This involves div1sion which is
carried out a&s before, except that the roles_of.the hori-—
zontal axis of the chart and 1ts ¥ ‘¢urves are inter—

changed, For example, to obtain S+/sg the value of 5+
1s set at the desired ¥ curve on the sg chart and the
quotient -8+/sg = Sg is read at the horizontal axils, asg

shown in ffgure 8d o -

75, Ordinarily the positlve shear (in the direction in—
dlcated in figs, 3a, b) required to buckle the vanel is
obtained from 5+, and the 'shear in the negative or op—
posite direction required t.0 produce buckling would be
found from &-, The reverse 1s true in the present prob—
lem because the direction of ‘the shear in figure 10e 1s
0pp051te to the standard direction,  The crltical compres—
siop is always obtained from "S§+  or -, “whichever is

L.

the smaller, S oo ST _ — R

76, " Having filled in ‘the: table for eadh comblnation of

m and =n,' the smallest values of the stresses in each of

the last five rows are encircled, as shown, and the encir—

cled, &s shown, and -the: enc1rcled values are plotted as
shown in figure lla, A smooth.-curve drawn through these
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five points then gives a graph showing all combtnations

of conpressive and shear stresses which can produce buckles
,0f~the shapeé specified by this combination of m and =n
(minimized .as far as the angle N 1is concernecd),

77. Such graphs are drawn for each combineftion of m  and
n and further combinations are investigated as long as any
part of the new graphs come inside those already drawn,
stopping as sdon as all parts of the new graph come out~
slde those already drawn, This is in accordance wilth the
previous discussion (par, 37) but by comparing such graphs
instead of individual sitresses, the minimum values of all
combinations of stress which will produce bucklinéﬂ%imul—
taneously obtained, In the present case, this procedure ”
results in figure 11lb, and the minimum stress combinatlons
are evidently given by the irregular heavy line, conslsting
of part of the 3, 1 graph and part of the 2, 1 graph,

78, It might be well to go back now to get a Little more
accurate values for the critical stress combinations shown
circled in filgure 11lb, by plotting the stresses agalnst the
different values of Y and selecting the lowest point of
the resulting curve, instead of merely picking the smallest
of the gtresses found for any of-the. ¥Y!s investigated,
Such a pldét is shown in figure lic, for the polnt doudbly

- encircled in figure 11b, . -This is an unnecessary refine—
ment for most practical cases,

79, The stress comblnations causingfbuckling under per—
fect conditions having been foupd, the factors K, and
K., willl be applied to determine ¥hepractical buckling
stress combinationg, (Hee fige, B and 7,) The material
strength of plywood such &s this, in directions 459 to
the grain (which must be known to determine K,), is not
very well established, However, the followlng values
estimated from various sources, should not be greatlv in
error, and will serve at any rate to illustrate ths method;
shaar 3400; compression 2300; and combination ¢{ equal
shear and compression, 2000 pounds per square inch each,
The detevrmlination and application of K, and& X_ and
the final results for bueckling of the panel between stiff—
eners, are summarlized in table II, MGood constructiont is
agsumed; this category is intended to include all ailrcraft
construction, The values of Foract stad, the stress com—
binations which are likely to produce buckling between
stiffeners in practical construction, -are alsc plotted and
connected with a dotted line in figure 11b,
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. 80, The ability of the panel to support more shear stress

in one "favorable®" direction than in the other, ev1denced
by the lack of symmetry about the horizontal axis of the’
curves of figure 11, ls due to its greater bending stiff-
ness in the direction of the face grain than in the perpen—
dicular direction, .Po eliminate this unsymmetrical beshav—
ior, it is necessary that € = D,

'8l, It is of interest that both the condition C = D and

the condition A = B (which insures a balanced plywood

as far as extensional strength and stiffness 1s concerned)
can be satisfied by two unknowns, such as +t, and. t, in
a five—ply plywood, Using equation 3 (par, 17) in these
conditions it is found that t, = 0,81 and %5 = 0,31,
That is, both extensional and bsnding balance is obtained
in a flve—ply plywood having 9,5 perédefdit of its thickness
in the outer plles, 25 percent in the intermediate plies,
and 31 percent in the core, It can be shown that such =
Plywood would have about the same properties as the theo—
retical plywood having an infinite number of infinitesimal
plies laid aslternately at right angles to eag¢h other,

BUCKLING ACROSS STIFFENERS

“
82, Owing to the depth of the circumferentlal stiffemners,
or bulkheads, there is no danger of buckling across them,
but the possibility of buckling acrosg_the smaller longi-
tudinal stiffenefs must be considered, Since the curved
side of the "panel" for such buckling would be two or
more times 12 inches, and hence longer than the 14-inch
stralght side, as shown 'in figure 10f, the case Al must
be used, The meanings of a and b _are Teverged from
what they were before, a now belng in the circudferenw. -
tlal direction and b in the longitudingl, as shown,

83, The stiffeners across which buckling may occur run .
in the direction b; hence equations (13) and (131)
(par, 48) and -the discussions accompanying them are
uged, Then

*Standard 45° plywoods have the maximum buckling strength
in shear when the face grain is in the direction of the
diagonal compressions, - '

Y e o e .. e
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AL e R e 18 bs 3 50y el

a = 2 %12, 3 ¥x'12] '; 2é;36[{.{ b ='14; d/a'= 14/a -
s = 1,400,000_(0;1g/a) = 50000/a2 (equation (8}, par, 30)
14 a : : ’
a,r.' _.:, . o rj—j.___O,ESQSa. PO S .=
3'"30' X 0-19 J.
.o N LY H . P ) ;._-._5. - ) - " "
E 4, (1 08_x,1,%00, ooo)(zx 0.438 % 0,70) =1} 000,000 1,
' -; ol S— roughly
,;Ebjibi (1 05x:1 700 ooo)(o 875 X 0, 438) .= 683 000 1v
"4 % 1400000 7
By = - —- :
© 20,4 + 3,55 = e (20.4 = 3.55)
4 X 1400000 X 0,19 X 14
LiB0.4 + 3,55 4. i ' e
109 0000

Borran s
Pt e

—-34%1000 lb/in ‘(equatlon(lé) per, 51)

Ty

Ga"J n_— 57 600 1t in, 3(equation(3) par _Séjlfr t_if}
GbJJbﬂr— Gb"Jb- .%210_1b in;i(°%¥5i?°§£‘l_€if-méil;l-_
bb:={01875/JT2 =Jb,é5 K -

hbq= (o 875 + 0, 19)/2 =. 0,538 in,=2

Wy, ; l 03 is _ 10.8 (equationklzf)(par 45)—%t£;s }é aiwa;e

1,32 n n lese than at)
t + py = 0,19 + 0.25 = 0.44 in, (Bee fig, 7})

t1

84, From figure 10f ‘the angle of the face, grain w1th ‘the
side  b'“{a“row —45% instéad of 459, The only éffect.of
this is to change the sign of X, Y 'Dg, and Dg' in equ&—
tion (4) or (4,.9)(par. 24). The changes specified in
equation (13) (par, 48) must also be made, From equations
(4) and (13) it is seen thet ‘
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683000 _ - T
1+ Sp=1,8% S} is substituted for Sy, and
342000* 0,19 X 12 S .- : - -

-

4 %X 683000 _ _ R
N=1,32 + - - "= 1,32.+ 0,87 = 2,09
14OQOOOx 0.19>¢12 : e e

¢0.53/0.25)% '\ " 683000x 0,25°

D, = 0,273 + {1 + - -
' 683000 n - 1400000X 0,19° X 12
342000X 0,19 X 10,9

1+

4,4 L - .- .o .
= 0,278 + | 1 + —— -— 13,712,656, 9,7 for n=1, 2,..
1+ 0,97 n T : .
n® 1710
Dy = 1,23 + = 1,23 + 0,15 = 1,38

1400000 X 0,19° x 12
M= 1,32; P = 0,93; Q= 1,03; X =Y =0
D, = Dz = 0,273; Ds = Dg = —0,178 (equation [4], par. 63)

The large increase in D, 1is to be expescted, as this
represents the greatly increased average bending stiff-
ness in the direction of the stiffener,

From equations (5) (par, 25)

4, = 1,32 x 1,03% = 1,40; A_ = 0,93°x1,03 = 0,89
i ~ . i L
A, = (1,32 % 2,09 P.93%) 1,03 = 1,95 5]
¢, = 1,363 C; = 3,83 as before; Cz = 2,09x1,03=2,15
. 0,=1,32x2,09 — 0,932 — 2'x 0,93 x 1,03 = 0

From equation (15a) (par, 53) and the above values.
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n® 57600 x 14 - gzo.

' = — 15
D, 1400000 X 0,18° n 82 n a® D [15]

85, With the foregoing values, table III can readily be
filled in, in the same way as table I, The results are
rleotted to determine the minimum theoretical stresses

ln figure 12 in the same way as figure 11, FPinally, ths
correctlon factors K, and X, are calculated, and the
results for both buckling between and across stiffeners
are summarized in table. IV, and By the dotted lines in
figure 12,

Structures Department,
Chance Vought Aircraft,
Stratford, Conn,
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APPENDIX

DEVELOPMENT OF THEORY . - . .
86, The theory of curved édhells 'ils much more complex
than that of flat sheets.and many minor quantities must
be neglected to make it usable, .The qrantities considered
in this theory are the same as are used in referepnce 6, in
studying the torsional stability of isotropic cylinders,

87, TFigure 13a shows the notation used for case A, Axes
Xg and XxXp are in the middle surface of the gheet in

the direction 'of sides & and b, AXes X, and Xg

are also in the middle surface and in the direction of

the face grain and the perpendicular direction, respec—
tively (or in the direction of the principal elastic axes
of the sheet), The displacement of any point in the
middle surface in these directions is designated by u,
with corresponding subscripts, and the displacement normal
to the sheet (radially outward) by W, T

88, Quantities e €g and €aB are-the direct and shear—

[s )
ing unit strains, and Kq, KB, Kap the curvatures and
angle of twist in the o and B  directions, while £,
fgy, fag and mg, mg, mgg are, to represent corresponding
internal forces:and moments per unit length of section in
the face plies of a plywood sheet (fig, 2). Other nota—
tion is as used before, (§ee Notation at beginning of this
reporty) ’

89, Then, from Hooke's law, (assuming rotary cut plies)

1 (fg _f;é}' (5 >
€g = 77— (=% - u P €g = - =2
o 7 (1-t,)t \By_ TL )t BT (l—t t \Ey LT E

£ o .
(1-t,)t Gyp

Similarly, using elementary plate theory
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- 12 m _& _ 12 <___ﬂ \
K = S .. - Hg = ——2t2
& (11, )60 <EL P mg)t BT, ) b1 o2
_ 6ma5
Kap = (181)

(L"fls)ts GL

From the reciprocal theorem and experiments, it can be.
assumed that

krrBp = popBr, or wprp = wopBp/Ep = w/e (19)

From plate theory the 1nternal strain energy 1in the face
plies is :

. . ey
Vrace plies ~ E ‘jhi/i<faﬁa + fBGB + faﬂemB + maﬂaﬁ-msﬁﬂ

- | + 2maﬁ-uq5> dxgdxs (20)

By using equation (19) and values of Fopeves Ryeos found
by solving equations (18) and (18'), in equation (20)

f . - €t . = : -
Yrace plies = -é_ff [(1-—1:1)(5&24. ec g +8ueaeb+ g€as‘3)

2 ‘ | . (2014)
N T YO ® ¢ 2uk_k 4gk,a") | ax_a
']—'—2- - Uy K’G eK.B _IJ- o B + g_ op Ia IB

By making similar calculations of the stralin.edergy in the
other plies, and adding, the total internal strain energy
of the sheet is found to be

Jf /" (}e ® ¥ BeB + 2p€yeg + g€up D

t®
+ —i—é (GKC(. + DKB + 2uK KB + 4g RGB )“ dxad15

(21)
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where ‘4, B,: 0, .D will be found to have the values glven
in. equation (3,) or (35), .and so forth, {pars, 17 and 18)
for the kinds and_arrangements-of plies described, ' -

90, 3By similar reasoning it can be shown that equation
(21), and subsequent equations developed from it, apply
to the most general case of any kind of sheet, 1f

€= % =1; Sa, Sbes., Fa... "represent forces per unit
length of section ingtead of stresses and

B

A= ~3 B = — ——3 B = upghi & = Byg
el Haphpa 1= taghpa -
12 D
¢ = = i D= 12 28 ;
(1 ! l-)t’a. C (1 gt .l)-tz
Hog 'Hpa /Y - . LS Hap Hpe
3D - _ B o (54)
uf = uﬁalC; gl_:__ _...g'—é . . . -
.y 2 e . T -
e e ——— ‘,t . .
Quantities By, Bg and Byg are the extensional stiff-

nesses of the sheet in 'its nrincipal elastic directions,
and the .shear stiffness (the forces per. unit length of
section required to produce unit strains); Fap and Fgq,

are, respectively, the ratio of the strain in the B di-
rection to strain in the o -direction under a force in

the o direction, and vice versa, Similarly, D, Dg,

and D are the bending stiffnesses of typical narrow
strips-of the sheet in the principal directlons and the
torsional stiffness of a wide sécfion of the sheet (moments
per unit length of section raquired to produce unit curva—
ture or twist); Bog'! and pgy! are the ratio of the

curvature in the B diresction to the curvature in the o
direction produced by a moment in the o direction and
vice versa; pt' and g' are to be used instead of

and g -in the second line of equation (21), and H! = 2yt
+.4g! instead of H = 2u + 4g for calculating D,.., Dg

in equation (4), T . - - s e s

91. 'Before axpressidn (21) Gan be integrated .or cdmbined
with other energies, 'the ‘extensidnal 'and flexural strains
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must be converted to strains in the directlon of the-
ranel sides & and VY, ‘Prom figure 13V, the ‘following -
relation obviocusly exists ‘between the coordinates and
the displacementsiin the =a,b 'and in the o,B direc—
tions: L .

;- X_''sin 8 ~ iB cos €3 xb‘;.xalqbs'9-+ x5151n"e

.
d1

(81
(22)

u Uy s8in g — ug cos 83 uy = u, cos 6 + ug sin ¢

It

a

92, Differentiating these equations with respect to =X
and xg '

. X : :
EEE = gin 6; EEE'= co0& 83 oxa = —~cos§ 8; 953 = sin 8 (23)

Sva _ g sin 9 ~ oug cos 83 —2b . EB@'cos 84-935 sin g

bxm ox, ¥xy “dx dx dx, -

. {24)
§E§==EEQ s"in'e---EEE cos 83 EEEn-EEQ cos 94-23& ain 9
bxs bxs . Bxs BIB aXs BXB

From the ﬁhebry of partial derivatives

Oug _ Ouy dxg N dug O0Xp_ dup _ dup dxgh L oup %y
O0X g, dxg OXg, 3xXp Oxg, 3%, 3x4 Oxg 0X}p 8Xq
dup, _ du, ¥x, . ou, Bxb; duy, _ duy 3x, N duy Oy, (3?)

dxp oxg O%g Sxy Oxg oxg ox, oxg 3xy Oxg

Substituting values of dXp/dxg,.. and Puy/dx,.., from
equations (23) and (24) into equation (25).and solving the
resulting four equations for dug/d%y, dup/dxg and
(aua/axs + dug/dxy) 1t is found that
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Sl EE§~sin2 8+ EEE cos2 e+- oua Bub sine cos 6
O0X,  OXg4 . OXy Bxb

Bup _ Oub 3,2 5 4 SUa 'cb"s’a e..<_§‘l§ + 5“") sin 8cos 8 (26)
bxs [23% SRR : 0Xy : ox,

auc’“+ ———-@-> <Bua Sub (sin 8 ~ cosa 8)+ 2 Qub_ Bug>sin 8 cos 8
o0xg 0Xp OXg 0Xp OXg

93, The curvature of the sheét in the o and £ direc—
tions is, from the theory of coniec sections

1 _ sin® g, 1 _ cos® ¢
T r | ra (27)
@ g r .

Then from the theory of .shells and using eguation (27),
the extenslonal and shear strains in the -a,b% and «,B
dirsctions, in terms of the dlsplacements are

dug , W dub <bua duy
€a T 3x, T F P T Txy ab 3z 3% (28)
€, = 222 4 ¥ o S¥x ¢ ¥ o4yn 9

0%, Tq §xa r -
€ :.gEﬁ o - 98B L, ¥ .55 9 (29)

sin 9 cos ©

Q+

The last term in the expression for _€,g comes from the

fact that the dimension dg of an element such as in
figure 13%c undergoes a unit strain w/r, while the di-
mension dp is unaffected Dy w and the curvature,

Hence, unless 8 = 0% or:90° the- two- dlagonals undergo

H |2
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different strailns owilng to the curvature; this can easily
be shown to result in the shear strain given,

94, Substituting values of Jdug/d%z,.. and dua/ BXqe s
from equations (28) and (29) into equation (26) the re—
lation between extensional strains in the a,b and a,B
directions is obtalned:

€ = €a sin2 8 + €y cos® g + €ab sin 6 cos 8
€g = €y sin® 8 + €q cos® ¢ — Gab'sin 8@ cos € (30)
€ug = €ab(sin3 8 — cos® 8) + 2(€y, — €,)ein 6 cos @

95, To obtain a similar relation for the flexural stralns,

the theory of partial derivatives gives the relatlons

2w ( ) | /0% 2°w  dxg exp
axaa . Bxb axa bxabxb 3%, Oxy
>%w Bew axb 22w dx dxy,
S ORI R T
xg dxg 0xp® Bxg dxa 0%y Bxpg dx B
>%w ) >°w ox, bxa4_ 2%w Bxb Oxy . > w <éxb 3x,

Bx,dxg 0%,° Ox, dxg dxpB dx, dxg  OX,BXy \dx, Oxp

a.xa ax'b>

8x, OXg

From shell theory the curvature and unit tw1sts in the
a,b and o,B directions are

k= ?°w - ; d°w . -'52

& dxg® xR “ab dx, Ox Y, (32)
>%w >%w : >%w

K = 3 K T i § K VB e

a axaa B asz o8 bxaaxﬂ (33)
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By use of these expressions for d32w/dxg%,., and equa—
tion (23) in equation (31) the relations between the
flexural strains in the a,b and «,B directions are

obtained, o . - LT _—— . -

Ky = Hg sin® g + Ky cos® @ + 2 Kgp sin 8 cbs 8
Ka = K sinz 8 + K cosg g -~ 2 K sin B cos @
B b a ab ) .
(34)
2
ﬁms = Ky (sin® 8 — cos 8) + (¥y — ®_) sinp cos

96, Now substituting eguations (30) and (34) into the
strain energy expression (21) the following 1s obtained

<
il

et '=. o
1; JC/u{}/4 [Meag + Nebz + 2Pegey + Qegp® + 2Xepegyp

8 )
t =2 a 2
+ ZYeaeab]*';E LDlKa + DgKy + D7nanb+-(D‘—D7)Kab
+ 2DgKpkgp *+ ZDéKaﬁabI} dxgpdxy . '  .(35)

where M,N,.., Dy, D;... have the valuesgiven in equatlon
(4) (par 22) and Dy is & similar expression which can—

cels out later, Since only & uniform rotation of azes is

involved the elemental area dxgdxXp can be sudbstituted

directly for dxgdxg,

97, From shell theory the external loads, represented by
the stresses S5,, S, and S, on the edges of the sheet,

do the work

v

2 -
ow ow  ow N
s, (29 4 o5, (2@ r 2 5g = 2 lax,a
jh/ﬁ f oxa/ b (bxb> ® dxa bxb} *al*Dp

(38)
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The work dome 'by the presgsure .S o/t (£ig, 3a), 'if this
is present (there would be such & préssure in an appli-—
cation such as a submarine hull, for example), will =
practically cancel if there are many waves in a panel,
or many connected panels as in semimonocogue construc—
tions it 1s the accompanying tangential compression

-~

S; which 1s important for Buckling, - coo L

98, In studying the case of buckling acroces stiffeners
it 1s ‘assumed for simplicity that thelr effect is the
same as if their bending, extensional, and torsional

. 8tiffnesg were uniformly distributed over the sheet, It

can be shown that, for the sinusoidal deformation éassumed,
this glves no error when the slope of the waves, ¥ is
zero, and only a small srror for the angles involved in
ordinary problems, OConsider first the case of gtlffeners
running in the & direction, The extra strain energy .

'of"éxtension, bending and torsion owlng to the presencs

of the stiffeners 1s

th  Eg'Igt Ceatdalt g\ o
V=& JP/“<?~ al €g> + ab‘ﬁ_ K.~ + ab'a Kab2> dxpdxy (37)

»

where " 1,7 1is the moment of ilnertia, about their comdined
center of gravity, of the stiffener and effective width
of—sheet acting wilth it in bending, minus the moment of
inertlea of the effective width alone, The energy assbd—
clated with the latter has already been considered in
equation (35), and by omitting it he.e, equation (3%)
represents only energy additional %o equation (?5)

99, In figure 14, taking moments about the center of
gravity of- the combinatlon :

Egldg! 8 = Eg t wa (hgy — 8) (38)
then

B, 1Tt = B, t w, (hy — 6)2 4 E_ta_1 (8%.4.p,2) (39)

Eliminating & YDbetween equations (38) end (39)
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. h.a' ‘B_. tor : .
+ a /Pa -, \EgthagtPg? (40)
1 %+ E_a.'i.a.'_

Ba

100, If the flange of the T—beam of flgure 14 were
infinitely wide, and all materials ,bisotropic, with:
Poigsonts ratlo = 0,3, then from" Karman Vs theory of

the effective width of wide flanged beams, (reference 4,
vol, II, p. 57)

vy = 2 A = 0.363 1] = 0,363 = (a1)

where . [1] = a/m 1is the half wave 1ength of the bending
: deformation ,.;', e e 22 _“1:

R lOl However, this effective width 1ncreases almost
dire&tly as the reletive shear stiffness and. lnversely
as the relative extenslonal stiffness’ of the flange (the
sheet 'in our case), “Hence in this case the effective.

~width should be :

e 2(1 + o, 3)& & Gy

W, = o 363 = . b2 Cab
Va = R 5, (42)

whers' Ggyp 1s the shear modulus of the sheet in the . a
and D directions,.énd the factor 2(1 + 0,3) represents
the ratio E,/Gzp =~ for the isotropic material assumed in
equation (41). The stiffnees of the rib (the stiffener
in this case) does not enter these relations — as far as
this actbion is concerned the rib, z2cis merely as a means
of applying extensional strains along the middle of the
sheet, 7From the derivation of equation (35) it can be
seen that Qe/4 = Gpy, while Me/4 = Ea/(1- /e) > B,

It 1s therefore conservative to use R ot -

) aqe/d g L L
W, = — = B4 , :

Ve T @ We/d Tmm - o+ o0 ane (48)
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The rule of equation (12!') follows from this and the
obvious fact that the effective width should not be
taken to éxcéted the distance between stiffeners bt,

102, During buckling_acrpss gtiffeners there will be
an additional sexternal work owing to the stress Sg1
on the stiffeners, of

- PP L At/ dw NP c
R I-Z:jpjp--s t & ___> dx_d%
' ./ & T h \oxg,/ a'_b

2
B ' Ag! [ ow
= 1/2 ffs 2 (B > dxgdxy (44)
' S _-a'_Ea ot Xg

103, If the energies expressed by equations (37), (40),
(43), and (44) are added to those of (35) ahd'(Sss, this
is obviously equivalent to making:the changes in Sg, M,
D,, and Dy specified in egquations (12) and (131)

(pars, 42 and 45), The changes specified in equations
(18) and (13'), for the case of buckling ascross stiffeners
running in the b direction, can be derived in a similar
_manner, -

104, If the shape of the deformation were known, the
condition for buckling would be simply that thg work
‘done by external forces, owing to the deformation, is
equal to the change in interpal energy, or T = Y.
Since the shape 1s not known, various shapes similar to

thosc observed in experiments must bhe tried by the
energy method and the one must bde selected whichH minimizes

either the total epnergy change . T — ¥ of the bucklling
load (reference 6, p, 144)., The displacement normal to
the sheet will be assumed to be : : .-

o xg + be)-sin nTuXy.
a b

w = W sin (a5)

where m,n and Y are chosen to minimize the buckling
load, This expressicn describes a wave form with half

wave lengths a/m and b/n in the a and b direc—

‘tions, and wlth nodes parallel ,to the a directlon and
at "a .slope Y %o the b direction’ (fig, 3a), This
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- [ a

permits a close approximation to the shapes found experi—
mentally in all the -cases covered: by the theory,

™,
__a.lv

105, A4s to boundary condltions for w, it w1ll be ‘88—~
sumed that the nodes-of the deformation :always coincide
as . .closely as pOSSible with some sﬁlffener that is,

that the deformation will be as in figure . 15a for buck—
ling between stiffeners, and as in figure 15b for buck—
ling across stiffeners._ According-to equation (45) the
nodes cannot lie exactly along stiffenars in the b
direction, but it is assumed that they do this as nearly.
as possiblef;straddling the stiffener as shown in figures
Za and 16, .All this requires that . m.7and. n Dbe whole
numbers, or.that & agand b be whole multiples of .af
and bl_

- - - - - a T

‘THE CORRECTION FAOTOR A - - = 7

, - - = -t = i
- . e e — o .t Cm— e o omet

B i .
- STt . [

106, For the case of buckling of the panel between stiff-
eners, of course, the node actually does lie all along .
the side b, and ‘a cGarrection factor"l/h is applred

to the buckling stress to allow for tke fact that ‘the
deformation is not exactly as described’ by equation (45),
Several things about this factor can be told'from general

;-reascning, It must equal.unity when the slope X = 0, 1In
‘general it must 'Pe :greater thah one. (or x mmust be less )
' than one) when Y. ~1s. different from' sero, - This can b&

appreciated by imagining first that the stiffeners along
slides !'D  are removed; the duckling stress obtained by ]
using equation- (45) would be about correct for this phys—
ical case, * If, how, stiffeners arée attached mlong these
positions and thelr stiffness ig increased until all lat~—
eral-digplacements’along these positions are prevented,
the' resigtance to buckling is obviously ing ;easeg

107, This increase will evidently be larger, .the larger

the slope Y, ‘Also it seems obVlous that there will be-
more increase in a case such as shown at (b), figure 16,

and less .increase for & case such as. shown at (¢) than

for the case shown at (a) although, ¥ 1s the sanms for .

all these cases, There ig’ ho reason to expecﬁ cages, (d3 o
or (&) to reguire 'a much differént” correction from. cage
{a)% however, E is reasonable to believe that & case:
such as shown §3uld require little correction coppared
to case (a), - Sincer much lessg" readjustment in.the posifjion
of nodes would be ne¢essitate All these and other
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Pcommon sense” reasonings are satisfied 1f it is assumed
that 1/A or - A 1is some function of the ratio to the
total area, of the area which would have to be swoph
through 1in moving nodes from_ the positions described by
equation (45) %o ‘their true positions (or the areas shown
shaded in fig, 16}, --

-108. For the cases such as ﬁigure 16a, b,... and e this
ratio is _ e Cee o

(&% 1/2 x B/2 % v/2 Y)/(ab) = _:."_‘
a

and A could be therefore taken as a function of bY/a,
It will be found that the reduction in MadJustment areal
which is posésible in speclal cases, such as figure 16f,
is very nearly compensated for by dividing this dy a
factor n!, plotted in figure 5a, '

109, The values of A in the left half of- figure 5D

were obtained by comparing the presgent thesry with known «
correct values for the buckling of an iscotropilc flat panel _
under shear, ©Near the middle af figure 5b, wher~ the cor—
rection amounts to a good deal, the curve was drawn Bome— .
what higher (that 1s, on the conservative side) than this
comparison indicated, because of the uncertainty Involved

in using such results for other cases, For smell values

of bY/an¥ the boundary condition correction Just dis-

cussed is unimportant, and the opposite tendency of dnergy
method solutions to give too high a value for. the buckling

load becomes dominant, so that- 1/A rises & liitle above

unity, It comes back to unity when ¥ and bdY/an! are

zero, because the shape given by equation (45) then becomes

the exact solution,

110, Tigure 17 shows a comparison between results obtained
by using figure 5b with the present theory, and the best
known values for this case, It will be seen that the pres—
ent theory is probably about right for large values of _a/b,
which involve use of the leftmost part of. figure 51, and 1is
quite conservative for small values of a/b, involving the
use of points near the middle of figure 5b,

111, The right haend side of figure 5b_was Gounservatively
extrapolated from the already conservative left side, re-—
membering also that 1/A should not become negative' it
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was ineluded -for completsness, bdut it is not needed for
most pragtical problems; as the-critical conditions will
be found to 1lfe iIn the lef}{ side of this figufe, _This
correction factor is admittedly very rough; but as in—
dicated it only amounts %to'as much as 30 percent or so
in a few-applicatiions; and there is Tittle doubt that at
least that much is Justified for such cases,

112. We;musi;now;GQ@PJQ%g*oﬁf;éiprE?igng:gor;gge_dis—
‘'placement, As previously discussed, in thé caBe of
curved shells, displacements in the plane of the sheet
must be congldered as well as in the nozmﬁi_dgrection.

7 el A

Thésé will be assumed to be - Tk RS

. -~ n .
b . + Y s
o, = U, — cos mjéxa xh) gin ZTZD
a mar-. a b

] ' . - (46
;o . o S S : : n?:(xa--l- 'Yx-b) '_.'nTTX_-b . )

- T T Uy = Ub' sin. : - 008§
2 % mare 7 . a0 7D o

where thé quantities Uy and Uy, descridbing the mag-
nitudes of these displacements, will be‘determined by
minimizing the energy, These expressions bear the same
general relation to the expression for normal displace—
ment (equation(45)) &s. the torresponding expressions '
found in exact solutions of shell problems, and since
they permit a large reduction in the energy they must be
close tq the correct value, The boundary conditions for
ug and 1y specified in the first paFt of This report
(par, lZ)-are-éutomaticéliy'sa%isfiedzty using equation
(48). | - ’

113, "Equations [(45) and (46) cean aqw_be-subé%iiﬁﬁed into
the expressions (28) ‘and (32) for €aeee; Kge.. and the
resulting quantities can be substituted into the expression

for total energy.change during the buckling displacement,

. Using the correction facgtor A this energy change can now
be taken as T — V{X, "where T ‘and” V are given by cqua—
tions (35) and (36), By making these substitutions, carry-
ing,put;the”integ;ations,and,simp;ifying ‘the total energy
change iswfouéd?equa;yto_ggrtaip'c6ﬁétag%'géétoqs”tiﬁe§ ‘

R ads 0 gl

.
- . . - Lo P .

- e L e s E R
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114,

respect to0 W

N, (1 o+ BP®Y 4T BPU, (BU, — W)+ QUL B(BUL+ 20,
(1+ BV )+ RXULBY(BUy + 2U, ) + 2YU B'Y(BU -w} )
W2, [Dlﬁ + Dy (1+ B*¥®)Y®/8® + Daa¥®+ Dy(L _f'_g?vj?j

D (2B%Y® + BY) + DGBBB’Y-[} A (47)

Setting the: derivatives of expression (47) with
y Ug ~@nd Uy equal to zero, sliminating

U and Uy between ths resulting three equatlona and

a

simplifying, results in the following expression (except
for the term 0,03 B C , Whlch has been added for reasons
‘digcussed 1ater)

= 3-3 = me -
8 _saf+ (1 __+_ gs-v ISy + eﬁ"Ys_Blc B 5

BB (LB )Y (148%Y™)° /8 +h 287 P4 Wv°4a oY

[cl(B”"+o.03s4)+casgy3+cz"( 1+8%v 2 )2 /8240 4(168%y ) +C5 283y ° +Cs ¥y +C72¥+Ca2B

where

=]
<.‘f.) + DyB%4 Do(1 + 85)%/B% 4+ D UY % D (1 + B°Y)

+ Dg (2B Y%+ 6Y) + D‘SEBSY]_ _ (7a1)

Ay ee.dg, G000y have the valuﬁs given in equation

(5)(par, 25), This 1s the same equation as {7e) (par, 30) and
the values of 8g.., A;,.., Cieveey &,,, (which are charted in
fig, Q) are as indicated in equation (7a7), The added term

0, 0z8%

€, has a negligidle effect in ordinary problems,
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but has been ardbitrarily adﬁed .because it. was found to
greatly improve the accuracy tn such extreme. appllcations
as the torsion of long tubes, It obviously has a conserv—_
ative effect in any case, . - e e e :
115, Case B, This case is. developed in & manﬂef similar
to case A and the result is the same as given in equation
(7a!) except that the numerator of the loﬁg\fractlon is
replaced by i e . e

f - - . AN . . . —- e e - R

Do =

&

BiB° + BB + Bz(l + B™P)Y® + B,28%v® + Bs26®  (7b1)

where Bl.,,Bs also have the values given 1in equation (5).
This then coincides with equation (Tb)(par 40) and the
values of Db,,,.by are as indicated, -t =

THE CORRECTION FACTORS K, AND K,

7116, PFigure 6, used for determining K,, needs little ex—
planation, 1I% may be considered as represéﬁting the re—
lations between the Eulsr formula and the usudl rules for
designing columns in the long and short ranges, generalized
80 as to be applicable to any type of stability proﬁlem.
Using the broken line marked "ideal'" is equivalent to
using the stress at which buckling would thepretically
oceur, or the stress at which yielding of the maferial
would occur, whilchever is the smaller, The horizontal
part of the llne corresponds to the range in which bucks=
ling occurs first, and the sloping to the range in which
the material yields first, - . . .

117, The other lines allow for the fact that partial fail-
ure of -the material between the proportional 1limit and the
vield point (whioh can be considered for the present pur—
pose $0 coincide with the "compressive strength" for wood),
as well as initial crookednesss and other eguivalent im—
perfections, all reduce the ideal sirength, especially

when the structure is near to both types of failure, The
curve marked "good construction" follows closely the short
column. formula given in reference 1 (p, 5°) except for more
allowance for the effect of imperfections in the long col—
unn range, The curve marked "rough construction” 1s close
to some of the more pessimistic column formulas. Most re—
liable strut tests fall between the two curves, '
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118, ‘Figure 7, used for odbtailning K,, 1is an attempt

to consider the fact that tests on metal cylinders, as—
pecially under axial compresslon, have always shown large .
deviations from theory. This is true even when the duck-
ling stresses are far below the proportional limit of the
material, -so that the cylinders are far into the "long
column'! range, and the factors considered 1in figure 6
afford no explanation, The experimental strength varies
from nearly 100 percent down to 30 percent and less, of
the theoretical, so that blanket reductiorn factors arec
hardly practical, To devise a reasonable way to allow
for. such disérepancies undér any and all conditions re—
guires some understanding of the causes of the phenomenon,

112, This guestion has long been controversial dbut a

reasonadble explangtion has recently been made poseible by
researches of Karman and Tsien (reference.?) although the
explanation suggested by these authors does not in itself

seem very satisfactory, If the load on a "porfett® strut

is plotted against its lateral deflection, as shown in

figure 18a, a horizontal or slightly rising line after

buckling 1s o¢dbtained, Practical struts with initial de— v
fects give curves which approach this horizontal line more

.or less rapldly, depending on the amount of initial curva—

ture or other defeéct, Yielding eventually occurs owing %o .
the combination of direct and bending stress, and the curve

breaks downward, the load at this point measuring about the
naximum resistance, Thils maximum resistance, for struts

which aré not close to ylelding when they buckle, 1s ob-

viously not much less than that of the perfect strui, and

depends but lifttle on the magnitude of the initial defects,

120, On the other hand, Karman and Tsien (using a large
deflection theory which it would be impractical %o appiy

to our general problem) have shown that a compressed per—

fect cylinder behaves, as shown in figure 18b, offaring

the same resistance at flrst as is indicated by conven—

tional theories such as the present ome, but with rapidly

fall;ng resistance as the deflection increases, Combarison

of figures 18a and 18b makes it evident that a practical

cylincder with initial) defects must behave as 1is indicated -
and-will have a maximum resistance which is puch lessg then
that of- the perfect cylindér and.which is very dependent

on the magnitudé of the initial defects, even when no yield-
ing of the material occurs, '

121, This ¢onclusion that the reduction in strensth depends
principally on the initial imperfections in shape, suggésts
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first that the reduction should 'ba.a function of the:

radiuns thickness ratio - r/t-;as it is well known that

duch defects are relatively nuch greater .in very thiln
eylinders (reference 5, p, 7). It is also logical that

"the redvwection should be a -functlon of..the total number

of buckles over.the:surface of the specimen mn because

the chanee of .largs- imperfections of an unfavorsble shape
being present: over an area corresponding to..some: of the
buckles ohviously~inqreases with the. total numher of buckles
which may--oceulr,. . .. R S D

y - - s L. B v -

cyor b iy ~ 5 e F am urmo - .- I
122m.'Figure l& shows the rather remarkablq.ooordination
of all the available test results on cylinders which it
has been found posslible to achleve on this basis, The
vertical coordlnates of the points . teprésent the ratio
between the experimental strength Zhd the strength as
-given by the present theory, while the horizontal co—
ordinates  gre caloulated -from the eritdcal. m and n -:'
predicted by the 'theory, :: There is still a good deal oﬂ
-scdtter, -but: there .obvwigusly must -ber-mich scatbter in the
.occunance of -unfavorable defects ‘in-shape, and the scatter
ig ‘less- than has ever before been obtained .in. attempts to
.ccordinats such test results.r o PE e t;-::-i L ST

- 'S "~ T = MR
123,. mhe two curves .in. figures 7 and 19 represent the.
ninimum-and nearaminimum of .the points,. If an allowance
for :scatter .is made in selecting: the modulus of elasticity
-of +the material, as, discussed in paragraph 16, and 5 g i
is congidered that a:good many of the, uncertainties which
gensral. factors of safety ordinarily nave to cover are -be—
ing separately. atlowed for 1t seems conservative to use
the good construction curves-~of both. figures 6. and % for
. the design of aircraft structures o o we o v

CONSIDERATION OF EDGE FikiTims. . ° . .. -

124, The method presented (par, 53) is a rough approxi-
mation, which is advanced as belng qulite practical to use,
and since it gives reasonable results even in extreme
cases, as being greatly preﬁerable to the common practice
of neglecting edge fixities or. guessing &t thelr effedts,
It makes the assumption that the effect of fixity along,
say, the edges &a can be approximated by & sultabdle modi-
fication of the-bending stiffness in the direction perpen—
dicular %o these edges, This assumption seéms basically
logical if it is considered for instance that such edge

- - —w
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fixity wouid have-no effect whatever if this bending
stiffnéss happened to be zero ino matter what the other
stiffnesses weTe, . . ) o o - e

” s
fm et e - — -

"135,  The method was derived by experimentlng with various
'funqtions which general experience indicated to be reasoa—
able, or “which were suggested. by approximate belutions of
_slmplified cases, and has been checked by comparing it to
various special known golutions, Singe its Justification
depends entirely on these checks, and since they should
cover the hinged as well .as otherqeige corditions, they
are dlsoussed &11 together in the following section,

CHECK s Wi m'ér*"Pléva OUS THEQRIES

)

126, PFlrst compare results obtained from this theory
(without the factors - K, .or- X, ) with previous theorles,
in the ranges for which the latter epprly. Most previous
theorles for  anisotropic plates or shells neglect Polgeonls
ratio effects and make other assumptions whose general va—
lidity is uncertain, Hence, the only anisotropic theory
for which a gomparison will be made is that of refersnce 3,
which gives the stadbility conditions .for flat hingsm—edged
plywood. panels_under combinations of shear and compression
~ in one direction, It 1s reassuring that tna present theory,
.although derived independently; coindides exactly with this
thedry for this case-when the panhels are of infinite length,
The following. table of equigalent notations is gilven for
convenience in. comparlng the two thegriéesd, “The previous
theory is an approximate energy solution, similar to the
present .one, but its method of taklng care of the anlso—~
tropic elastlc properties of the 'sheet is entirely rational;
this is, therefore,-an excellent check on .this phase of the
present theory, : ’

I

'Refgrence_é s al b{hi =z telvy Por | Gcr| B iBa | A I

-

Present theory{ ®dla/m| t| 1/ {—a{¥] s S, | CE|DE | HE/2
C L I -(n—l)“:_ e RE

127, S he’ pregent . theory differs from the previous ohe in
the: correction for the finite length of the panel, The
present method does this by ‘requiring the number of half
waves m to be a whole number, and uses a correction -—
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factor A only for the interference with the gngularity

of the waves at the panel ends, The method of reference

2 assumes first a wave length the same as for an infinitely
long panel, and corrscts (for the shear stress only) for
the interference -.with both the angularity and this lecngth
of wave, owing t0 the panel ends, by a factor kg/(kg),;

this simplifies the method, but this simplification could
not be used in the general application of the present "
theory in any cass, . ee e T B T

128, PFurther- ‘checks can be obtained with™ previous theorles
for isotropic plabes and shells, For isotropic sheets,
equations (43449 and (5) (par, 25) inserted in equatlon
(7a1) givefcr fhe .case A and hinged edges: -

— - -

re - - iyt

. - i . . ' b ‘2“ . '2 . 2' el 2: - 3“‘4’. ______-_a_-z_ B
B7Sg+ (L+87Y7) Sy + 287 V54 § ?_-[‘.:'L.’é(s +§-5.+6v +8°v or2e™®)
. p .o N 2 S e -

. : ' P . .

o) B (LI 1 (L) 18 a/sz( )] (7200)
52+0 035 +[(1+u)3/(2—2u)35272+(1+52V2)B/Ba+2(1+BZY3) igo

PR o

T e e mane se on Eaee B o

.129, . For the case:of .a cylinder in tersiom Sp=Sy=0;

A =1, B8Selecting ¥, m, and n (n always eQuals 1- in
such a case) to minimize By, and assuming 0,3, the
results - in table V are "obtalied,  If the- edgos at thé énds
of the ‘cylinders aro fized, thean from equauion (15aY (par,
53) - a =:m A, (n. + 1)2/n8 = 4, and the long paren—
thesis in“the- above equation ‘is changed Eo o

,(B 1+ é% + 127£~% 46 Y + 2 + EB Sy ) ‘g?iso?)

= . . -

Again selecting ¥ .and =@, to mlnlmize, Sq,.results,which
are also shown in the table, are. obtained, Table vV also
shows the results obtained with +the previous theory {refer—
ence 5) for ‘the ‘same cases, -.For Iong .cylinders the correc—
tion for edge fixity evidently has léss effect ‘than 1t _
"should have, but the effect is not very 1mportant herq, :
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'TA.BLE v ) ‘. .: J'_ .‘_., -
N Y- 1 2000 |7 20,000
B ' s e Medium | i .
General_description Shnrﬁ cylinder | l; cylinder Long cylinder
Bdege Condition | Hinged | Fixed | Hinged" :FiXed ‘| Hinged|Fixod
Referonce 5 43 50 . 220 240 1300 _11:00_
55 /b\ | ~ Presemt | - o ' . . :
EN\T theory Ny 230 235 1320 §.1330

130, 7For the case of a cylinder under axial compression
8 ¥ 83 = 0, A = 1, The minimum Sp 1s obtalined im this

case when Y = 0 and m ard n are in general both
zreater than one, It can easily be shown that the present
theory checks the "classi%al" theory exactly for this casc
except for the term 0,038°C; (0,038 "in equation (?i o))

which has only the slight effect here of reducing the valua
found for Sy by a fraction of 1 percent, There is no
exact solution available to check the effect of edge fixity
in this case, but the correction for edge fixity ofthe
present theory has little effect in this case unless the
cylinder 1s very short which is entirely in accord with
test experience, : . ,

131. Similar results are found in comparing the present
theory with known theories for the buckling of curved
panels under axial compresslofi, All these cases cGoni&titute
a gcod check of the treatment’ of the effect of gurvature

in the present theory,

132, Numprous solutipns for the stability of isotropic
flat pahels are available for comparison, PFor this case
r =, a= 0 and the condition for stability reduces to
the first line alone of equation (7150) The curves of
figure 17 show the results of ‘applying this equation to
the case of shear on a hingedaedged panel, comparcd to
known solutions, A similar check is obtained for the
case of shear on an infinitely long panel with the long
sides fixed, No exact Solution is available, for compar—
ison, for a finite panel with fixed edges,
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133, TFigure 20 shows a comoarison between the present
theory and the exact (reference 8, P« 168). for compres—
sive loading of various shapes of panels, under various
extreme edge conditions. The .curves &Te. ‘8xtended beyond
the range in which- a > b, as such a Iimitation is not
necessary .for this case, . These casss of panels under
widely wvarying conditions of loading, eage fixity, and |
proportions - with maximum errors of 20 percent on the
conservatlve side and 10 percent on the unconservative
side, represent a reasonabla check of .the present theoTy's
treatment of panel siZe and complete edge fixity,

. mre Lo an ————— —

134, | The. treatment o fixlties fﬁ¥ermeaI5¥e between,;
zero (hlnged) and complete fixity, ‘and owing to the: ;
torsional stiffness of the member to which the panel

edge is attached, can be checked against a solution by
Dunn (reference 9) Figure 21 shows how the results
obtained with the present theory compare with this pre-
vious theory for the case when a is greater than b,

and for various torslional stiffnesses of the side members,
The case considered here is that of several adjacent and
similarly loaded panels, as 'in semi-monocoque construction,
so that the effect of each side member is divided betweoen
two panels, - ’

135, The treatment of 'intermediate fixities owing to dis—
trlbute& elastlc resistance to rotation can be checked C
against the case of & strut with elastically clamped ends,
A very long flat panel, under compréssion Sy in the di-
rection of the short 31de is under the same condition as
a strut, except that the hplate modulus" € = E/(1 — p®)
takes the place of X, This is the only kind of dbuck-
ling of stiffened ‘panels which isg considered in referencs
1, Flgure 22 shows the results obtained with the present
theory for & simple isotropic panel under these conditions
compared to the exact solution. A similar check could be'
expected for plywood and for stiffened panels if an exact
solution were avallable for comparison,

EXPERIMENTAL CHECKS

‘136, Figure 19 affords a comparison between the present
theory, with the correction factors Kl and Kz and '
aumncrous tests on cylinders, Unfortunately tests on panels
of metal or plywood have almost &ll been made under indeter—
minate cdge conditions, and also practically all available
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reports on tests .of plywaad panels sor. cylinders are laclk—
ing in.gome of the essential data,” Tasts on plywood c on—
gstruections under determinate condiltions ave greatly .
needed, Figure 23 suggests a mebthod of testing whiceh
would permit the:.conditions of the sheet %o be known and
to approximate those in seml—monocoque construction, and
which would at the same . time permit the resistance of the
-gheet to be isolated from that of 1ong1tud1nal stiffeners.

137, The tests of plywood cylinders included in- filgure

19 are taken from the most complete reports availadble, but
some of the data were uncertain even in these cases, This
quite prossibly accounts. for : the greater scatter 1n these
tests compared to metal cylinders. K

e
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Te*e =588 o o . .2 . S Tlee " 87 28 6 1.6 6.k 180 [7 0 2.7.11.3 2.0 | 70 156 3.5
' Caoy = ~1.0% op 106 21,1 -1.1 -1.2 {-1.08-1.3p-1.26-1:47 | ~1.0 %3 1.8 2.7 | -1.0.-1.5 -2.7 “X.9 | -1,0 -1.8° %3 -7.8 | -3.0 -1_ 1 -1.5 -2.0
2 001 ="0"" 61 5 6.9 -7.6 8.6 1.71 e.03-3.06 %75 (" 3.8 #;6_ 6.8 1.3 | 10.0 11.% 16,3 e4.5.| £0.0 22.3.30.8 §5.2 | 2.2 5,7 %1 6.9
(,q_)'- - (..1) - - 5B b= - 5.5% - ' 2,46 ' 1;'38' ) .61
p B/ b .z ok .sr( ©8.£59.912.1 10K 1391 3.058.00 4.6 [ 1.5 1.6 1.8 2.1 | 7. .8 .9 11| e an B .
Ddé.])'}é, o eg .20 | g g .8 B |1.T2 1.72,1.7‘3.1.72 3.1 3.1 3.1 3. |, :.g 0B hB 38| .8 aa B2 .
17 1771902 g .6 T _.9 12 .au,.;: B 1. JET T 2.‘3 2,2 15 A7 |28 .38 .mealo7
a ,273.1, 07 : 0 g ML S . R B TS B .g .5 Qo o . 62
. 4y = 1,95 4, 1.2:5 1.2k 1.32 138 | 1, a 1.5 1..5 1. 7 2 1. 15 2.10 3.0 | 1.2 17 33 58 | 1.2 -l & 9.2 {1.23 1.3 1,73 2.33
Dy =n" 3.27 3,55 X.25 5.30 |. 11.2 12.8 15.5 18.7 [ 'r 1o T.30 9.22 11,8 }.5.9 6,8 9,314,5 |. 5.ﬁ 8,0 32,1 20.% | 2.75 3.8 5.89 5.36
(Dedy + Dydy) = -278 (85 + dg) 0-.98 .58 .88]" 0 "3 7 31 0 -.5h1.80 200 | 0 .5 e 3.7 Ak 3.2 59| o 3 g5
e . Y 3.80..81 6.18.[ ,, - 12.6 15.6 19.3 [, B.p0.8 13.9 | 1.7 1.8 1B.2 | ¥ 26. A5:4.80 6,86
el = i"l}’ 3-27 3735385 4.4’ | 10-T 1200 25k 17,1 [ 7+2 7.& 8.0 B’.B 59 515 qi2108 | © B ‘e 1§ 3 1&.2 2. 72 353 2,99 3.86
Sw~/1000 - .26 mf = - @ . P : - /35 LV, ka7 2.35
Yy u 86rm LI S Y EE . . , . "_.._B i_u R 0 .651.29 1.95
n' (fig. 5a) . 1T 1 L T e ey L, Game as Tor O, o L 101 12919
LR & 0 .g2 A3 .85 : ',-. ...tsm"’n“l‘m:n..m L o .2 33 .33
A (f1g. 5b) 1 1.01. .80 ;.59 R T 1 2 .
3 pe =54 \57 1.55 2.70 ) 5. 05 8.50 |* 83 3.5 2k 1Bo 55 53.1 -80 B4 7.88 12.1 17,5
. 8-'1. 2.79 . T.sT ' AL, . ' {'e8.5 . 6237
£p. avar ez 1aet.ed | T Sies 1.61 1% [ 7.3 105170 | - '13.8.90.2 N |- BT N7 1 5.9 T.3 9.7
Nogative Shear/1000 84/8g 0 10.8 8.6 g.a .@ 8,48 6 9 7.6 @ 5B8aB2 561 © 55 5.1 I.; @ 6.9 6.910.7| @ 9.5 T.3 6.9
Jeg.&hensx & /1000 84 % k& 3.8 &, 0] 3.8 2.9 3.5 2.6 2,0 2.4 35 | 2.2 1,87 2.8 g | 'S5 2.3 3.8 6. 8 3.2 3,7 4,
‘g‘l"' T sk | B8 3 4 WA | s K e age | 26 25 3% 39| 2z %,i_E 32 65| 5 23 3o 87 §g 36 08 5.%
Ba.Pos.AheaT & CoED, AL000 S dmetie’ i.d 3.0 3.5 A.2 3.8 2. . . T - - 2.2 1, - 2.7 2.5 1.7 1.7 T 3. 2.% 2.3 2,
Toaitive Mme/itop 0 Shwet) | A8 20 33 Az 38 28 6.3 6.9 50 38 35 | B ke R A S e o
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TABLE II
[
. Equal | I Somal .
Stress ' Positive| positive |[{Tomprec- rogzative |[Negative
combination shear shear ané szon ‘RLTer ant shear
compression II oot Tarston s
3
. o |
~ Ptheor stab 0 1440 2120 1870 Lig2o
(circles, fig. 11b) 316 | 1
Smat strength 4G
0 2000 2300 2000 400
(See par. 79) 3 5 3
Stheor stab
0.93 0.72 0.92 0.94 1/0.71
Smat strength '
K, (fig, 6) 0.88 .0.96 0.89 0.87 0.66
Critical m 3 2
Critical n 1 1
Fd 1
mn b . / mn 12
4 P
= 0.22 0.24
10°% 10°x 0.19
Ka (fig. 7) 0.90 Ou9l
F
pract stab 2500 1240 1700 1460 2880
= K3 ¥z Siheor stab ’
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TABLE III - Typioal Tabular Solution of Case A' Problem

(Use similar form .for Case B! problems except that _
B,, By==, b s by-=, B’are substituted for A,, Ag~=, &,, 8,==, 4,

l(m = 1) 24 2k 36
2 N 1
Be . 9.7 i2.5 12.5
5,0, = n,(kﬁégﬁl%b-:-,l’&l)‘ 10.3 152 13.8
X _. i --- 29 - .58 . 39
-r 0 .25 .50 5 | O .25 .50 .75 0 .25. .50 .75
Aa, % 1,40 a, 0 T 0 A1 [0 0 . WL . G -] PR |
Bp2p = <89 &g 0 -2 RS - 0 1 .2 B
. Aglg ™ 1.95 [ 23.0 23. 5 2k. o 25, " 5,7 6,1 6.8 8.1 | 12,5 12.5 13.5 15.0
Satay = A 23,0 23.6 2.2 26.0 | 5.7 6.2 7,2 9.0 | 12,5 13.0 13,8 15.6
0,0, -133 j X L W1 W1 5 5 B 5| .2 .2 .2 2.
Qg 04 0. 0 a2 2| o 1 3 .7 6 6 .& .3
0y04 " 2 15 o, 25,5 25,8 26.2 eg_.g)___%__g.; 6.8 7.5 9.0 | 1%.0 1.k 15.0 16.7
30104 = O 25.6 25.9 26.4 26.3 | 6.8 T.h 8.3 10.2 | 1X.2 14,6 15.% 17.2
(P » (22287 g, 22.4 ~90 202 B
"Do"do = A/0'do 20,2 20.4% 20,6 20,6 s 75 1T 79 178 180 181 183
Did, * 273 d| 6 0 o0 © A 4 0 oA .1 .1 S
(A{n § 4y 121 12h a2p 135 | kb dg 53 & & 59 109
Dydy B o2 a, SR SR 4,3 8L i B 1.1
Dedg = 1.3 1.4 2 .5 | 1.5 1% 105 1i7 ) 1k 1.k 1.5 1.5
2 Diay * :D' 143 146 150 158 | 121 125 132 146 271 277 _282 2y
(Dgdy + n.a,,) = -,178(dq + 4.) 0 -3 -5 -.8 0 =3 -8 -9 | 0 -3 -6 -9
DW- = D¥ 156 1h5 157 125 131 I%5 | oqq 27T 281~ 2gh
f i = D= ) . M3 3k 15y 18y | 2 325 133 187 | 27 217 283 296 |
852/1000 = 50/al = 2 .086 A .086__ . 3y
z D+ % 8+ 2.6 12.8 13.5 |- 10.7 11.3 12.5 | 14 ¢ 10.8 11.6711.5 |
% D= 8- 123 35,8 35,0 337 |0 187 13227 | 206 108 13 13,2
o 5 0 .oF .08 .12 o AT 33 .51 6 08 .15 .22
Q+ %ﬁf)sb = 1,87 8y 1.87 1.89 1.92 2,00 [1.87 1,9% 2,05 2.2% | 1.87 1.93 2,00 2.05
1.87 b + 38 1,87 1.93 2,00 2,12 }1.87 2,11 2.38 2.75 [ 1.87 2,01 2.15 2,27
Bq.Fon. - . X A "
& Oom reuion/‘.LOOO 8+ 1 878b+! 6.6 6.5 6.k 6.4 5.6 5.1 4.T k. 5.T 5.4 5.1 5.1
gomgrgugg 1000 / ) 6.6 6.7 6.7 6.8 5.6 5.5 5.§ 5.2 5.7 5.6 2.5 E.s
«R& * - -
& ‘Gompression/1000 s-/(1 87!b+3|,) 6.6 6.6 6.5 6.5 | 5.6 5.1 %8 3.6 | 5.7 5.4 5.2 5.1

w!
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TABLE IV
Posi- Equal _ Equal Nega~
Stress tive. | positive |Compres- negative | ¥lve-
combination ghedr | shear and sion shear and | shear
compression compression
Stheor “stab - )
(efrcies, fig. 12) 4500 5500 4600
§ Smat strength 2000 2300 . 2000
<
v Smat strength " o y
L 4 OI 0.
Stheor stab 0 3
K, (fig. 6) 0.43 0.40. 011
Stheor stab
(compression only)
1.05X1700000
1 -
Syt == T3N5000 Sp=5+25 | 23500 28600 21000
1) s N
. mat strength
% (refersnce 1, e 14) 7000 7000 71000
Gy
b s
5 mat strength
n 0.30 0.25 0.29
Stheor stab
X; (fig. 6) 0.29 0.24 0.28
Criticel a, n 24,1
/ma . /ixixas’
TS/ T8 e oL ]
1054t/ 105x O.4% 0.15
Ky (fig. 7) 0.94
Foract stab .
§ = Ky K3 Btheof stab 1220 1240 1220
=
w Foract stab _
(from table II) 2500 1240 1700 1460 2880
Foract stab
et Iy 3599. 1;;20“ ";2u0 1220 2880
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tan™' 7 /s angle
between wave
nodes and .~
s/ides b }\

(positive

—

. — —— — e —
— —
—

as shown), v/ Sa /8
present
there /8
e/so an
inward
radral
G /s angle of pressure
. _t s
face grarn (or a ~S, over
principal e/Crsf/'c (=2mr For cyt) >§ panel (not
ax/s) with sides b No. off half wares=" T shown)
(positive as s/)on«fy
frgure 3a
tan™'r /s angle Nodes of a>b
6‘:,;ween :afe waves j‘ TArckness =t
nodes and /J - Y < ¥ ¥ 7S, is
s/des b \f prcscr-u"
(posiiive f P | 35 there is
as shown) : -« N ‘:E oleo  an
*‘ Q 33 shward
7 & \33 rodias
@ /s angle of Y TR >\ — \3 pressure
face gran (or < a —x e ,_§' S, over
principal elast/c E—/Vo. of Faff waves=m S, pane/ (not
ax/s) with sides £ shown)

(pos/tive as shown)

/"/I'aure 36

Figs. 3a,b

a>b
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L
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*

Fige.l7,i8

Exact” solution For sguare pane/, f—a/

8+ N Most probable true values, eaf/'rnafela’
Ss (b )a_ ____ from other approximate analyses.
E ?_ 6JL '77a/
1. Present theory - "Exact” solution for
using frqure S infinitely fong plate f =
2t o
Stabrlity of rsofropre
o fla? ,oa'ze,/ vnder .s’/?ear: .
/ 2 3 & 7472_ 5
froure /7
}’ie/a’/'/gy Fakes
Derfect" strup “eide 3}7' strut "Perfect" cylinder
7 Prac¥tical .. T
cylinders
Practrcal/ Max.  Max, “”;f ects X Max. Max
. Struis load load ; food  /foad
. ",‘/e‘ﬁ.;r'gf}/'aug fo; / 3{!’ P 7'f0? / far} P
Vinitra ractical perrec . fpractical perfec
defec’s P bt p;fraf o ‘e

A cylinder cy/rnder

AR v

Latera/ deflection Larteral/ Z’ef/ecﬂ'dn
a .. (
(a) Fgure /8 /

_Load
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Combe" made from O°plynood with
™ thniversal joint such many horizonlal sawcses to repre-

Wﬂflﬂ.’-‘lafw.l as shown in kel 5, S@NT IO/Ricvdingl STITT®NErs

Figure 86
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~~Specimen

| — |

Suggested Method Suggested Method of
of Loading Specimen Pepresenting Stiffeners
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Cement heavy card-
board, such cs used
Yor backing of pads,
Yo paper scale, as
shown by dotted
/1nes. /4 small hole
may be cut /n card-
board as shown
beFore cemenf/ny,
Yo give better orip
/n $liding.

: Hole T f
n [
Caradb oar;[——-}
/F water paste or

qlue mus# be used,
cement cormers only,
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